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General information

1.1. Administrative information
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Classes: 15 class meetings, on Mondays, from 13:30 to 16:30.

Evaluation:

written presentation of an existing research result, 35%;
oral presentation of an existing research result, 25%;

exam, 40%.

Each item is scored from O to 100.

Passing grade: weighted total score of 50 or higher.
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Timetable:

Week 7: each student must prepare a list of 3 known results on the topic, including a short
bibliography.

Week 8: the professor assigns a result to each student (coming from their list).

Week 13: each student must write a text presenting the result in EfX, 4--16 pages, including
the context, proofs, and bibliography.

Week 14: each student gives an oral presentation of the result, lasting 20 minutes.

Week 15: exam.
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General information

1.2. Content

Samuele Giraudo 8 / 334 INF889K




Objectives:
Provide an introduction about term rewrite systems;
Adopt a combinatorial point of view of the topic;
Apply rewriting techniques for algebraic problems;

Read, understand, and present research results on the topic.

This course is not designed to
provide an in-depth algorithmic treatment of term rewrite systems;

cover the categorical viewpoint of the topic.
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Content:

Abstract rewrite systems (binary relations, first general results);
Combinatorics of terms (terms, substitutions);

Term series (formal series, products on series, enumeration);

Term rewrite systems (matchings, patterns, general definition, main properties);

Termination and confluence (reduction orders, polynomial interpretations, critical pairs,
completion) ;

Universal algebra and clones (varieties, word problem, Tietze transformations, clones);

Programming with term rewriting (applicative systems, currying, combinatory logic).
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Exercises are classified according to a difficulty level:

extremely easy exercise---almost immediate to solve once the question is understood;
o :  very easy exercise---a few minutes to solve and write completely;

00 : easy exercise applying directly the concepts of the lecture---about ten minutes to
solve and write completely;

000 : moderate question applying several concepts of the lecture---on the order of an hour
to solve and write completely;

00000 : difficult question requiring careful consideration---on the order of several hours to
solve and write completely;

00000 : research question requiring a complete exploration---on the order of several days to
be considered. In some cases, research questions may still be quite approachable.

Samuele Giraudo 12 / 334



General information

1.3. General conventions and notations
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|_ 1.3 General information / General conventions and notations —l

Functions are written in curried form: given a function
frA x--x A, = A,

we implicitly identify f with its curried form, so that
ftAA—- = A, = A

where — is right-associative.

For any a; € Ay, the partial application f-a; is the function of type Ay — .-+ — A, — A obtained by
specializing the first argument of f as a;. Hence, by iterating this, we write f-a;---- -a, rather
than f(a1,...,a,).

We will sometimes use underlining rather than parentheses to enclose sub-expressions.

Example

Let f:NXxNxN— N be the function defined by f(x1,x2,x3) := z122 + T123 + T2x3.
Under the above identification, the type of f is N —+ N — N — N and
fetyzizt+ti=(+y)c+ (z+y)(z+1t) +x(z+1).

The partial application f-1 is the function ¢g:N — N — N satisfying g-xo-x3 = 22 + 3 + Z2x3.

I_ Samuele Giraudo 14 / 334 INF889K J



The Iverson bracket is defined as follows. For any statement P,

(] {1 if P,

0 otherwise.

Let us define the following sets of integers:
for any i.j €Z, [i,j]:={2€Z:i<z<j};
for any n €N, [n]:=[1,n];
for any n €N, [n]:={0}U[n].

Some definitions about words:

for any set A, A" is the set of words on A4;

the empty word is denoted by ¢;

for any w € A*, (-w is the length of w;

for any w € A* and 7 € [ﬂ-w}, w-i is the i—-th letter of w, where letters are indexed from 1;
for any w € A" and a € A, let l,w:=#{i € [(-w]: wi=a};

for any w,w’ € A*, the concatenation of w and w' is w.w'.
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Introduction

2.1. Solving the Coffee Can Problem
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Consider the following game, called the [D. Gries, The Science of Programming, 1981]:

Some

let a coffee can containing some white beans o and some black beans e;

keep an unlimited supply of black beans aside;

consider the action consisting in randomly picking two beans from the can and
if they have the same color, then throw them both and put a black bean into the can;
otherwise, throw the black bean and return the white bean into the can;

repeat this action as long as possible.

Consider the can coceeeeceo.
Pick the 2-nd bean and the 5-th bean. Since they have different colors, the can becomes coceeeoeo.

Now, pick the 3-rd and the 4-th bean. Since they have the same color, the can becomes coeeoceo.

questions about the described process:

prove that this process always terminates;
prove that all ways to execute the process lead to the same remaining bean color;

predict the remaining bean color in terms of the initial can state.
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First, we formalize the problem by encoding the state of the can as a pair (i,j) € N? where i is the
number of o and j is the number of e in the can.

Then, we define a transformation rule =, called , Which encodes the action:
when the picked beans are two o:
(i,4) = (i — 2,5 +1);
when the picked beans are two e:

(i,5) = (6,5 —1);
when the picked beans are of different colors:

The set of states and of the rewrite relation form a

The process terminates because if (i,j) = (i,j’), then i+ j > i +j' and, as a state is an element of
N2, it is not possible to perform an infinite sequence of actions from a state.

For this reason, we say that this rewrite system is
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To prove that all ways to execute the process lead to the same remaining bean color, we first prove
an important property call

This property holds when, given a state (¢,j), if we have two states (i1,j1) and (i2,j2) such that
(i,7) = (i1,71) and (4,j) = (i2,j2), there is a state (i/,j’) reachable from both (iy,j;) and (is,j2).

This is the case since we have the commuting square
(4,4) = (5i-1)

I I
((=2j+1) = (i-2,)

This shows that the rewrite system is

Since the process is, as shown previously, terminating, by Newman’s Lemma [M. H. A. Newman, On Theories
with a Combinatorial Definition of ‘Equivalence’’, 1942], the rewrite system is also confluent.

This says exactly that all ways to execute the process lead to the same remaining bean color.
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The two possible final outcomes of the process are (1,0) and (0,1). They are called
To predict the final outcome, let us consider the function 6 : N? - N such that 0-(i,7) :=1i mod 2.

Observe that
0-(i,7) = 0-(i,7 — 1) =4 mod 2
and
0-(i,7) =0-(i —2,j+ 1) =14 mod 2.
From this invariant, we deduce that

(i, f) = (0,1) if ¢ mod 2 =0,
i,
(1,0) otherwise.

This shows that the final outcome of the Coffee Can Problem is a white bean if the initial number

of white beans in the can is odd, and a black bean otherwise, independently from the choice of each
pair of beans at each step of the process.
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Introduction

2.2. A modelization of the Frogs and Toads
Puzzle
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Let us consider the following game, called the [E. Lucas, 1883]:

let a line of n + 1+ n squares;

let n frogs o on the first n squares;

let n toads e on the last n squares;

the middle square is empty -;

the goal consists in exchanging the position of all o and e by executing a sequence of moves

where
o can be moved to its right adjacent square -;

e can be moved to its left adjacent square -;
o can jump over the adjacent e on its right and land on the - on the right;

P PP

e can jump over the adjacent o on its left and land on the - on the left.

For n:= 3, we have this sequence of configurations, starting from the initial one:

00O0C-000, 00-Cee0o0, 0CCeoO-00, cCoOecde-e, OOCe-e08e@,
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This puzzle can be formalized in the following way as a rewrite system on words.

A state is a word on the alphabet {O,-,O} having n occurrences of o, 1 occurrence of -, and n
occurrences of e.

Consider the rewrite rule — on such words, defined by
o- — -0,
.o,
ce:-—-e@ O,
0@ — @0 -,
This rewrite rule — is extended as a rewrite relation = by extending it to the context by
urv = ur'v if x —

for any words u,v € {o,-, e}"

The puzzle consists in finding a rewrite sequence of the form
n

o .o = ... = o™ . 0",
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(0]@)

Let us consider the previous description of the Frog and Toads Puzzle as a rewrite system on words
on n > 1 frogs and toads.

Describe the normal forms of the puzzle, that are, the configurations wherein no move can be
performed.

Prove that the puzzle is terminating, that is, from the initial configuration, by playing a
sequence of any moves, a normal form is reached.

Prove that the puzzle is not confluent, that is, from some configuration, it is possible to
play two different moves such that the two resulting configurations lead to no common future
configuration.

Prove that the required number of moves from the initial configuration to the goal
configuration is always n® + 2n.

Provide a description of a sequence of moves from the initial configuration to the goal
configuration.
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Introduction

2.3. Computing with natural numbers
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[_ 2.3 Introduction / Computing with natural numbers _]
Let us represent expressions on natural numbers and a way to compute addition, multiplication, and
factorial on these.

Each natural number n € N is represented in a functional way in the unary numeral system via zero
and succ as succ”(zero).

Example

The number 4 is represented by

succ” (zero) = succ(succ(succ(succ(zero)))).

Each expression on natural numbers involving the operations +, X, and ! is denoted in a functional
way via add, mul, and fact.

Example

The expression (24 3!) x5 is represented functionally by

mul (add (succ2 (zero), fact (succ3 (zero)) ) , succ® (zero)) .
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[_ 2.3 Introduction / Computing with natural numbers
To compute expressions involving addition, let us introduce the rewrite rules
add(n, zero) — n,
add(ny, succ(ng)) — succ(add(ny, na)).
Let = be the rewrite relation obtained by extending — on the context.

The rewrite relation = is used to locally rewrite an expression into another, while possible, in
order to get, from an expression on zero, succ, and add, an expression involving only zero and succ.

Example

We have this rewrite sequence:

add (succ2 (zero), succ® (zero)) = succ (add (succ2(zero)7 succz(zero))) = succ(succ (add (succ2(zero)7 succ(zero))))

= succ (succ(succ(add (succ2 (zero), zero)))) = succ (succ(succ(succ2 (zero)))) = succ’(zero).

Exercise oc

Translate the expression (1+ 1)+ (2+ 1) as an expression involving zero, succ, and add, and apply the

previous rewrite relation = in order to transform it while possible.
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[_ 2.3 Introduction / Computing with natural numbers

In a similar way, we include the following rules to compute expression involving multiplications:

mul(n, zero) — zero,

mul(nq,succ(nz)) — add(mul(ny, ng), ny),
and factorials:

fact(zero) — succ(zero),

fact(succ(n)) — mul(succ(n), fact(n)).

Exercise oeoocooo

Translate the expression 3! as a functional expression involving zero, succ, and fact, and apply the

six previous rules in order to transform it while possible.
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We have defined a term rewrite system, where terms represent expressions on natural numbers, and

the iterated application of the rewrite relation allows us to simplify a term into a term which
cannot be simplified anymore.

Some questions in this context:

Some expressions can be rewritten in several different ways. Do all these ways lead to the
same result? In other words, is the rewrite system confluent?

Does this rewrite process always terminate? In other words, is the rewrite system
terminating?

How many steps of rewrites an expression need until the rewriting process ends?

Does there exist strategies to speed up the process?
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2.4. Map operation on lists
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[_ 2.4 Introduction / Map operation on lists

Let us represent expressions on lists and a way to compute map on lists.

Each list is represented in an applicative way via nil and cons.

Example

The list [x1,%2,%3,24] is represented by

cons x1 (cons x2 (cons x3 (cons x4 nil))).

Each expression on lists involving the map operation is denoted in an applicative way via map.

Example

The expression specifying the map operation on the list [1,2,3] via the factorial function ! is
represented by

map ! (cons 1 (cons 2 (cons 3 nil))).
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[_ 2.4 Introduction / Map operation on lists

To compute such map operation on list, let us introduce the rewrite rules

map f nil — nil,

map f (cons x 1) — cons (f z) (map [ 1).

Let = be the rewrite relation obtained by extending — on the context.

Example

We have this rewrite sequence:

map ! (cons 1 (cons 2 (cons 3 nil))) = cons (! 1) (map ! (cons 2 (cons 3 nil)))
= cons (! 1) (cons (! 2) (map ! (cons 3 nil))) = cons (! 1) (cons (! 2) (cons (! 3) (map ! nil)))

= cons (! 1) (cons (! 2) (cons (! 3) (nil))).

Exercise ooooo

By using similar methods, propose rules in order to compute left fold on lists by mean of the
symbol fold_left.
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We have defined an applicative term rewrite system to represent lists and their map operation.

In addition to the questions of the previous example, we can ask the following questions:

What really means ¢

‘applicative’’?
Why such an applicative system is important in this context, as opposed to a functional one?

Can we represent in a similar way other data structures and their operations, as stacks,
heaps, binary search trees, etc.?
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2.5. Formal derivative of polynomials
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[_ 2.5 Introduction / Formal derivative of polynomials

The formal derivative of polynomials of K(z), where K is any ring, can be described by the rules

ok — 0, for all k€K,
or — 1,
O(fr+ f2) = 0fr + Of2,

O(f1 X f2) = f1 X Ofa + 0f1 X fa.

Let = be the rewrite relation obtained by extending — on the context.

Example

We have the following rewrite sequence:
8(m2+2x)za(acxx—l—Qxx)é@(xxx)—l—a(Qx:c)émx@x—l—amxx—i—@@xx)
Saex0r+0rXxx+2x0x+NRxr=>rx0r+0drxc+2x0r+0xza
> x0r+0rxx+2x0x+0xz=>cXx14+0xxzc+2x0z+0xz
=X 14+1x24+2x0z+0xr=>2cx1+1x2+2x1+0x2=2x+2.
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We have considered the formal derivative of polynomials as a rewrite system allowing us to compute
it from any polynomial.

Some observations and questions in this context:

Here also, the derivative of some polynomials can be executed in different ways. Do all these
ways lead to the same result?

Does this computation always terminate?

On polynomials, the operations + and X are associative. This has been assumed implicitly.
How to take this property into account rigorously?

The same question holds for the commutativity for + and X when K is a commutative ring.
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Introduction

2.6. Deciding equivalence for groups
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A group is set together with a binary operation % which is associative, a neutral element 1 w.r.t.

1

*, and an inverse operation z +— = w.r.t. x.

A is an expression combining variables z;, i >1, %, 1, and -1

(ml*a@)*(xa*(xfl*ak))il

is a formal group expression.

A natural question concerns the decision of the equivalence of two formal group expressions.

Two formal group expressions e; and ey are equivalent if in any group, by quantifying universally on
the variables appearing in e¢; and ey, these two expressions compute the same thing.
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T

2.6 Introduction / Deciding equivalence for groups

.
To prove that two formal group expressions e¢; and e; are equivalent, we search for a transformation

of e; into ey by using the group axioms of the wusual presentation of groups:

Ilxxi =21 =21 %1,
xfl*xl =l=ux *xfl,
(1 x x2) xx3 = 1 * (T2 * T3).
Example
and e2 ::xg_l*xl_l.

Let the two formal group expressions e; := (ml *$2)7
V=gotx (xg * (1 *xz)fl)

- *LBQ) * (2?1 *1’2)7 =

We have
e1=(z1xx2) ' =LA (x*mo) ' = (a:2
=25 % ((mfl *-’81) * (.272 * (x1 *x2)” )) =25« (xfl * (xl * (xg * (21 *xz)fl)))

=il =1l — =i =1l
To *(1’1 *]1):1:2 *T; = ez,

=25 % (mfl* ((:7:1 *T2) * (T1 * x2) ™ ))

so that e; and e> are equivalent.
This does not provide a decision algorithm since to transform e; into ey, we need to consider the

group axioms from left to right or right to left and this could cause an infinite process.
41 / 334 INF889K
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|_ 2.6 Introduction / Deciding equivalence for groups —l

We can deduce from these group axioms the set of ten rules

1 xxq — 1,

xl*Il*):rl, 1‘1*&:1_1—)1,
xfl*xl — 1,

1
17" =1, $1*($11*$2)—>$2,

(1 *x2) * 3 — x1 * (T2 * x3),

-1
x_l*(w *T2) — T ((11) ) e (x1 *£U2)71 —>a:2_l*ac1_1.
1 1 2 2,

Let = be the rewrite relation obtained by extending — on the context.

If this rewrite system is terminating and confluent, then two formal group expressions ¢; and e are
equivalent iff their normal forms by = coincide.

Example

Let the two formal group expressiomns e; := ((azl ! *xg) *x;l) * (z1 *x2) and e := :vfl * (z1 *x2 % 1).
We have

el = ((z;l *:)33) *z;l) * (z1 *x x2) = (a:;l * (13 *xgl)) * (z1 x22) = (z;l *1) * (z1 *x x2) = xfl * (x1 xx2) = T2
and
es :azfl*(azl *xo * 1) émfl*((ml *x2) *x 1) :>$;1*(x1*(x2*1)) :»xfl*(arl *T3) = T2,
so that, as the same expression z2 is obtained through the reduction process, ¢; and e; are
equivalent.
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We have described a way to decide the equivalence of expressions in the usual presentation of the
group axioms. For this, we have used a completion process of these axioms [D. Knuth, P. Bendix, Simple
Words Problems in Universal Algebras, 1970].

Some observations and questions in this context:

How obtain the ten rules from the usual presentation of the group axioms?
These rules come from [J.-M. Hullot, A catalogue of canonical term rewriting systems, 1980].

Is this kind of completion possible for any other kinds of algebraic structures (like monoids,
bands, lattices, etc.)? What are the conditions?
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Introduction

2.7. Alternative axiomatization of
commutative groups
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Consider commutative groups: these are groups such that binary operation * is commutative.

We can present these algebraic structures by the axioms

1*1‘1 =T E.Tl*ﬂ,
xfl*l’l =1=x *:L'fl,
(.’L‘l *IQ)*.TJg E.’L‘l*(ﬂig*l‘g),
T1*xTog =T *xT71.

We have in this case

three generating operations (x, 1, and ~!);

six axioms.

Is it possible to provide alternative presentations for commutative groups?
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Let us define the division / in commutative groups by
o -1
T1/To =T x Ty .
We recover the usual operations in groups by mean of the division by
1=a1/21; o7t = (21 /21) /215 x1*xe =21 /(21 /21)/22).

Moreover, we can check that, from the usual group axioms and commutativity of x, we have the
identity

z1/(z2/(23/(%1/22))) = 3.

The interesting point is that this single identity of which / is subject implies all other axioms
of the group in its usual presentation.

Therefore, we can axiomatize commutative groups by mean of a single binary operation and a single
axiom [A. Tarski, Ein Beitrag zur Axiomatik der Abelschen Gruppen, 1938] .
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We have provided an alternative description of commutative groups, more minimalistic in some sense
compared to the usual one.

Some observations and questions in this context:

What is the theoretical framework to establish the discussed alternative presentation of
commutative groups?
Can we apply this framework to discover alternative presentations of other algebraic
structures? What are the conditions for this to work?
Can we describe some other algebraic structures only with a single axiom? To give some other
interesting examples:
this exists for groups [G. Higman, B. H. Neumann, Groups as groupoids with one law, 1952];
this exists for lattices [W. McCune, R. Padmanabhan, R. Veroff, Yet another single law for lattices,
2003] ;
this exists for Boolean algebras [W. McCune, R. Veroff, B. Fitelson, K. Harris, A. Feist, L. Wos,
Short single axioms for Boolean algebra, 2002];
this does not exist for semi-lattices [D. Potts, Axioms for semi-lattices, 1965];
this does not exist for distributive lattices [R. McKenzie, Equational Bases for Lattice Theories,
19701 .
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3.1.

Abstract rewrite systems

Binary relations
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Let X be a set. A X is a subset R of X?Z.
The property (z,2') € R is denoted by xRz’'. The property (z,2’) ¢ R is denoted by zRa’.
The X 1is the binary relation

Ix :={(x,z):2€ X}

As binary relations are sets, most of set operations can be used on binary relations on a same set
X (union, intersection, complement, etc. ).

The of two binary relations R; and Ry on X is the binary relation

Rio0Ry:= {(T,T/) € X? : there exists y € X such that 2R,y and y R, T/}

This operation is associative and admits Zy as the neutral element.

Our convention for composition of binary relations is left-to-right (opposite to the usual
convention for function composition).
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|_ 3.1 Abstract rewrite systems / Binary relations

Let R be a binary relation on X.

The inverse of R is the binary relation

R = {(z,2') € X*: 2’ Ra}.
For any k € Z, the k-th composition of R is the binary relation

RF-1oR if k> 1,
T o= 4 T if k=0,
R oRFL otherwise (k< —1).

Let us consider the following closures:

L the reflezive closure of R, defined as ROUR;

[l the symmetric closure of R, defined as RUR™L;

[] the transitive closure of R, defined as Rt := Un>1 R™;

Ll the reflexzive and transitive closure of R, defined as R* := ROURT;

[l the reflexzive, symmetric, and transitive closure of R, defined as R°® := (RUR_l)*.
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Abstract rewrite systems

3.2. Abstract rewrite systems
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[_ 3.2 Abstract rewrite systems / Abstract rewrite systems

Definition

An abstract rewrite system (ARS) is a pair (X,=-) such that X is a set, called the underlying set,

and = is a binary relation on X, called the rewrite relation.

Let A:=(X,=) be an ARS.

Let us introduce some notations:

[l let « be the inverse =! of =.
The ARS (X,<) is the dual of A;

[l let < be the symmetric closure of =;

[l let = be the reflexive, symmetric, and transitive closure =° of =-.
The equivalence relation = on X is the convertibility relation of A.

The =-equivalence class of = € X is denoted by [z]=.
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Let A:=(X,=) be an ARS.

The of x€ X in A is the set 27 :={2' € X : 2 = 2'}.
For any «/ € 27, « to 2’.
The function z+ 2~ : X — P-X is the of A.
The of € X in A is the set = of successors of z in the dual of A.
The of A is the successor function of the dual of A.
The of € X in A is the set 27 .
For any ' € 27 , z to a’.
The of A is the successor function of (X,=7%).
The of € X in A is the set 2= of the future of z in the dual of A.
The of A is the future function of the dual of A.
The of A is the directed graph having X as set of vertices and = as set of arcs.

An ARS can be specified equivalently through its rewrite relation, through its successor function,
or through its predecessor function.
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Example

Let the ARS Succ:= (N,=) such that n=n+1 for any n € N. In Succ, we have for any n €N,

T ={n+1};

0 n~" ={meN:m>n};
“={n—-1} if n>1 and 05 =0;
< ={meN:m<n}.

Example

Let the ARS Pred defined as the dual of Succ. In Pred, we have for any n € N,

O n”={n-1} if n>1 and 07 =0;
0 n~ ={meN:m<n};

0 n<={n+1};

0 n= ={meN:m>n}.
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Example

Let the ARS PredSucc:= (N,=-) such that n=n+1 for any n € N and n=n—1 for any n € N\ {0}.
PredSucc, we have for any n € N,
[0 nT={n—-1,n+1} if n>1 and 07 = {1};

s

0 n~ =N;
[0 nS =n";
0 n= =N.

In

Example

Let the ARS Factors := (N\ {0}, =) such that n = m if m € N is a (proper or not) factor of n € N.
In Factors, we have for any n € N,

[0 n™ ={meN\{0}:m divides n};

0 n~" =n~;
[ n= ={nm:meN\{0}};

=

*

[In

=n*.
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Example

Let for any k > 1 the ARS Cycle, := ([k — 1],=) such that n=n+1 mod k for any n € [k—1]. In
Cycle,,, we have for any n € [k — 1],
O n” ={n+1 mod k};

*

On™ =[k-1];
[0 n=={n—-1 mod k};
O n< =[k-1].

Example

Let the ARS Grid := (Z°,=) such that (i,j) = (i+1,j) and (i,5) = (i,j + 1) for any i,j € Z. 1In Grid, we
have for amny (i,5) € Z°,

O (0,5)7 ={@+1,5),67+ 1)}

O (i,5)7 ={@,j) ez i =i and § >j};

00,0 ={G-1,5),6,7 -1}
O (0T

= ={(,j)er®:i" <iand j <j}.
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Let A:=(X,=) be an ARS.

In A, x € X is
(] finitely branching if x~ is finite;
(] globally finite if = is finite;
O acyclic if z ¢ o= .

When all elements of X are finitely branching (resp. globally finite, acyclic), A is finitely
branching (resp. globally finite, acyclic).

Examples

L] The ARS Succ is finitely branching and not globally finite. Since for any n €N,
=" = {m eN:m >n}, Succ is acyclic.

[l The ARS Pred is finitely branching and globally finite. Since for any n €N,
n=" = {m eN:m < n}, Pred is acyclic.

U] For any k> 1, the ARS Cycle, is finitely branching and globally finite. Since, for any
n e [k-1], n=" = [k —1], Cycle, is not acyclic.
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Let A:=(X,=) be an ARS.

Let I be a nonempty initial interval of N (possibly infinite).

A rewrite sequence in A is a sequence u = (u;),.; on X such that for any i</, if i+ 1€ [, then
Ui = Wiyq -

If u= (u;);c; is a rewrite sequence in A:

Ll w starts from ug;
[] when [ is finite, u ends at uy, where ( is the greatest element of [;
[l when [ is finite, the length (-u of u is #I[ —1, that is, the greatest element of .

Example

The sequence
(0,—1)(0,0) (0,1) (1,1)(2,1) (3,1)

is a rewrite sequence in Grid starting from (0,—1), ending at (3,1), and of length 5.

Moreover,
(1,1)(1,2) (1,3) (1,4) ...

is an infinite rewrite sequence in Grid starting from (1,1).
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Let A:=(X,=) and A :=(X',=') be two ARSs.

1.

2.

3.

If X' C X and ='C=NX'?, then A’ is a sub-4RS of A.

If A’ is a sub-ARS of A and =/ == NX'?, then A’ is an induced sub-ARS of A.

If A’ is an induced sub-ARS of A and for any z € X and 2/ € X', 2/ = 2 implies x € X', then A’

is a closed sub-ARS of A.

Examples

1. The ARS (N°,=) such that (i,j) = (i+1,j) for any i,j € N is a sub-ARS of Grid.
2. The ARS ({(0,0),(1,0),(0,1),(1,1)},=) such that (0,0)= (1,0), (0,0)= (0,1), (1,0) =
(0,1) = (1,1) is an induced sub-ARS of Grid.
(

3. The ARS
closed sub-ARS of Grid.

{(4,j) : 4,7 > 1},=) such that (¢,j) = (¢ +1,j) and (4,j) = (4,5 + 1) for any 7,5 > 1 is a

(1,1), and
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Let A:=(X,=) be an ARS.

Given Y C X, the closed sub-ARS of A generated by Y is the smallest closed sub-ARS w.r.t.
inclusion of A such that underlying set contains Y.

Proposition [Closed sub-ARS generated by a set]

Let A := (X,=) be an ARS and Y be a subset of X. The closed sub-ARS of A generated by Y is the

ARS (Y',=') where Y’ := Uer y~ and === nY"”.

Exercise ooooo

Prove the previous proposition.

Example

The closed sub-ARS of Grid generated by {(—3,4),(2,—1)} is the ARS (X,=) such that X =
{(i,j) €Z?:(i>-3 and j>4) or (i >2 and j > —1)}, and = is the restriction of the rewrite
relation of Grid to XZ2.
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Let S be a set and Setss := (P-S,=) be the ARS such that Z = 27’ if Z'=ZU{s} for an s€ S\ Z.

For instance, in Setsy,
{1,4} = {1,4,5} = {1,3,4,5} = {1,3,4,5,9}.

Rephrase the definition of Setss by using a successor function.

Describe a necessary and sufficient condition for the property of Setss to be finitely
branching.

Describe the dual of Setss by giving its successor function.

Describe the future function of Setsg.

Prove that Setss is acyclic.

Define a sub-ARS of Setss which is not an induced sub-ARS of Setss.

Define an induced sub-ARS of Setsg which is not a closed sub-ARS of Setsg.

Define a closed sub-ARS of Setss which is not Setsg itself.
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Exercise ooooo

Let, for any n € N, G,, be the set of permutations of size n. For instance,
G3 = {123,132,213, 231,312, 321}.

Let Permutations, := (&,,=) be the ARS such that o = ¢’ if ¢/ =0 os; where i € [n— 1], s; is an
elementary transposition of &,, and o < o2+ 1;.

For instance, in Permutationss, we have 452361 = 452631 since 452631 = 452361 o s4 and
4523614 = 3 < 6 = 452361-5. Besides, in Permutations;, we have
3714652 = 7314652 = 7316452 = 7316542.

1. Rephrase the definition of Permutations, by using a successor function.
Prove that all rewrite sequences in Permutations, are finite.
Describe the future function of Permutations,. In other terms, provide a necessary and
sufficient combinatorial criterion on o € &, and ¢’ € G, for the property o =" o', without
having to exhibit a rewrite sequence starting from o and ending at o’.
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Let A:=(X,=) be an ARS.
An z € X is a normal form of A if 27 =10).

A rewrite sequence u in A is normalizing if u is finite and ends at a normal form of A.

In A, x € X is

non-normalizing if =~ contains no normal form of A;
normalizing if there exists a normalizing rewrite sequence in .4 which starts from x;

terminating if all rewrite sequences starting from = in A are finite.

Note that in A,

the set of normal forms is a subset of the set of terminating elements;
the set of terminating elements is a subset of the set of normalizing elements;

the set of non-normalizing elements is disjoint from the set of normalizing elements.

When all elements of X are normalizing (resp. terminating), A is normalizing (resp. terminating).
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Example
The only normal form of Pred is 0. Since for any n € N, any rewrite sequence starting from n is of
the form n,n —1,...,m with 0 < m <n, n is terminating. Therefore, Pred is terminating.

Example

Let the ARS EvenOdd := (N U {e,o},=) such that, for any n € N, n = n+ 1, n = e if n is even, and
n = o if n is odd. The only normal forms of EvenOdd are ¢ and o. Since for any n € N, either ne
or no is a normalizing rewrite sequence in EvenOdd starting from n, n is normalizing. Moreover,

since n,n + 1,... is an infinite rewrite sequence in EvenOdd, n is not terminating. Therefore,

EvenOdd is normalizing and not terminating.

Example

Let A := ({a,b,c},=) be the ARS such that a = b, a = ¢, and b = b. Since ¢~ = (), ¢ is a normal
form of A. Besides, since ac is a normalizing rewrite sequence in A, a is normalizing. Moreover,
since ab” is an infinite rewrite sequence in A (b“ denotes the infinite sequence made of b), a is

not terminating. Observe that b is not normalizing since the only rewrite sequences starting from b

in A are of the form 0", n €N, or 0*. Therefore, A is not normalizing.
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Let A:=(X,=) be an ARS.

For any z,2' € X, let

* =*
zla =2 Na

When z |l 2’ #(, = and 2’ are joinable in A.

Observe that x and 2’ are joinable in A iff 2 and 2’ have a common element in their futures.

Let || :==" 0 <" be the joinability relation of A.

Proposition [Joinability relation]

Let A:=(X,=) be an ARS. For any z,2' € X, = and ' are joinable in A iff z | a’.

Exercise ooooo

Prove the previous proposition.
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Let A:=(X,=) be an ARS.

For any z,2' € X, let

* «=*
zha =25 Na

When = {} 2/ # (), = and 2’ are meetable in A.

Observe that x and 2’ are meetable in A iff 2 and 2’/ have a common element in their pasts.

Let f} :=<* o =* be the meetability relation of A.

Proposition [Meetability relation]

Let A:=(X,=) be an ARS. For any z,2' € X, = and ' are meetable in A iff z{a’.

Exercise ooooo

Prove the previous proposition.
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Let A:=(X,=) be an ARS.

The ARS A is confluent if { C I.

Proposition [Confluence]

Let A:=(X,=) be an ARS. The following two properties are equivalent:
1. A is confluent;
2. for any z,v,y € X, if v ="y and z =" 3, then there exists z € X such that y =" 2z and
/ *
y ="z,

Exercise ooooo

Prove the previous proposition.
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Let A:=(X,=) be an ARS.

The ARS A has the Church-Rosser property if =C l_l

Proposition [Church-Rosser property]

Let A:= (X,=) be an ARS. The following two properties are equivalent:
1. A has the Church-Rosser property;
2. for any y,y’' € X, if y =1y, then there exists z € X such that y =" 2 and ¢y =" 2.

Exercise eoooo

Prove the previous proposition.
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Let A:=(X,=) be an ARS.

The ARS A is semi-confluent if < o="C |.

Proposition [Semi-confluence]

Let A:=(X,=) be an ARS. The following two properties are equivalent:
1. A is semi-confluent;
2. for any z,v,y € X, if v =y and x =" ¢/, then there exists z € X such that y =" z and
/ *
y =" z.

Exercise ooooo

Prove the previous proposition.
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Let A be an ARS. The following three properties are equivalent:
A is semi-confluent;
A is confluent;

A has the Church-Rosser property.

Proof. Assume that A= (X,=). By using Propositions [Church-Rosser property], [Confluence], and
[Semi-confluence], we have that implies , and that implies

Conversely, assume that holds. Let ¥,y € X such that y =1'. There exists k>0 and

Yo Y1, Yr € X such that y =y <y < - <y, =y . We prove yly by induction on k. If k=0,
y =1y and the property holds immediately. Otherwise, k> 1 and, by induction hypothesis, yﬂyk,l.
Thus, there exists z € X such that y ="z and y,_1 =" 2. We have now two cases:

If y,_1 = v, then, as we have both y, 1 =" 2z and y._1 = ¥y, by Proposition [Semi-confluence],
zlly'. Since y =* z, this implies yl ¢’ .
Otherwise, 4/ = y,_1. We have i ="z and y =" 2 so that y |/ .
This shows that y =  implies ylly/, proving that A has the Church-Rosser property. Therefore,
implies
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Let A := (X,=) be an ARS having the Church-Rosser property. For any vi,....y, € X, n € N, if y;, =
y; for all 4,j € [n|, then there exists z € X such that y; =" z for all i€ [n].

Proof. We proceed by induction on n. The property holds vacuously when n =0. When n=1, z=1
satisfies the property. When n =2, this is exactly the property stated by Proposition
[Church-Rosser propertyl. Assume now that n >3 and y; =y; for all i,j € [n|. By induction
hypothesis, there exists z € X such that y; =" z for all i € [n —1]. Now, since z=vy,, by
Proposition [Church-Rosser propertyl], there exists 2z’ € X such that z="2" and y, =" 2. As y; =" 7
for any i € [n], the desired property is established.

Note that this result, by using Proposition [Confluence] and Theorem [Semi-confluence, confluence,
and Church-Rosser property] implies an analogous property for confluence, the finite confluence
property: If A:= (X ,=) is a confluent ARS, then for any ,y1,...,Yn € X, n € N, the property

x ="1y; for all i € [n] implies that there exists z € X such that y; =" z for all i€ [n].
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Let A:=(X,=) be an ARS.

The ARS A is locally confluent if < o=C |.

Proposition [Local confluence]

Let A:= (X,=) be an ARS. The following two properties are equivalent:
1. A is locally confluent;
2. for any z,y,y € X, if x = y and = = 7/, then there exists z € X such that y =" 2z and ¢/ =" 2.

Exercise eoooo

Prove the previous proposition.
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In contrast with Theorem [Semi-confluence, confluence, and Church-Rosser property], a locally
confluent ARS is not necessarily confluent.

Example

Let us consider the ARS EvenOdd defined previously.

For any v,y € NU{e,o0}, y(«< o=)y’ iff there exists x € NU{e,o0} such that y <z and = = v'.

We have one of the following possibilities:

1. y=n+1, x=n, y':e,nENeven; 1. y=n+1, z=n, y':o,nENodd;
2. y=e, x=n, y =n+1, n€N even; 2. y=o0, z=n, ¥ =n+1, n €N odd;
3. y=e, x=mn, y =e, n €N even; 3. y=o, x=n, ¥ =0, n€N odd.

In Cases 1., 2., and 3. of the left, we have ecy |l 7.
In Cases 1., 2., and 3. of the right, we have ocy | ¥ .
In each case, yl 4 holds so that EvenOdd is locally confluent.

Since 0 <" (0 ="e, and e and o are not joinable, EvenOdd is not confluent.
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Let A:=(X,=) be an ARS.

The set of normal forms in the future of z € X in A is denoted by 2~ .

The normal form function of A is the function A

Proposition [Termination and normal forms]

Let A:= (X,=) be an ARS. If A is terminating, then for any z € X, z7 # 0.

Exercise ooooo

Prove the previous proposition.

Proposition [Confluence and normal forms]

Let A:= (X,=) be an ARS. If A is confluent, then for any x € X, 2~ is empty or is a singleton.

Exercise oeoooo

Prove the previous proposition.
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Let A:=(X,=) and A :=(X,="') be two ARSs.

The ARSs A and A’ are

if the future functions of A and A’ are equal;
if the convertibility relations of A and A’ are equal;
if the normal form functions of 4 and A’ are equal.

000

Show that the future equivalence relation is finer than the convertibility equivalence
relation.

Show that the future equivalence relation is finer than the normal form equivalence relation.

Show that neither the convertibility equivalence relation nor the normal form equivalence
relation is finer than the other.

The ARS A is an of A" if A and A’ are normal form equivalent and for any normalizing
rewrite sequence u in A’, there is in A a rewrite sequence u such that u and « have the same
starting and ending elements, and (-u < (-u’.
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Let A := (X,=) be a confluent ARS. For any x € X, if there exists y € [z|]= such that y is a normal

form of A, then y is the unique normal form of [z]= in A and y € 2™ .

Proof. Let us first prove that y is the unique normal form of [z]= in A. For this, let ¥y’ € [z]= be
a normal form of A. Since y,y € [r]=, we have y=19'. Moreover, as A is confluent, by Theorem
[Semi-confluence, confluence, and Church-Rosser property] and Proposition [Church-Rosser propertyl],
there exists z € X such that y ="z and 3y’ =" 2. Since y and 3’ are normal forms of A, y=2z=1y.

Hence, y =1y’ as expected.

Let us finally prove that y € = . Since z = Yy, by Theorem [Semi-confluence, confluence, and
Church-Rosser property] and Proposition [Church-Rosser property], there exists z € X such that
r ="z and y =" 2. As y is a normal form of A, y=z2. Therefore, we have x ="y as expected.
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Proposition [Existence of a unique normal form and confluencel]

Let A:=(X,=) be an ARS. If for any z € X, = is a singleton, then A is confluent.

Proof. Let z,y,y € X such that x ="y and 2 =" ¢'. By hypothesis, there exists a unique 2z € X
such that z € y= (resp. 2/ € X such that 2/ € /7). Moreover, since z ="y and y =" 2 (resp. = =" 1/
and ¢y =* 2'), we have v =" z (resp. =z ="2/). From the hypothesis, 2= is a singleton, implying
that 2 = 2'. By Proposition [Confluence], this implies that A is confluent.

Exercise ooc

Prove that the statement obtained from the one of the previous proposition by asking that #ma <1

instead of #z~ =1 does not implies that A is confluent.

Note that the previous exercise consists in showing that the converse of Proposition [Confluence
and normal forms] does not hold.
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Let A:=(X,=) be an ARS.

When A is both terminating and confluent, (X,=-) is convergent.

Note that the properties of termination and confluence are independent.

Exercise ooc

Define a non-terminating and non-confluent ARS, a terminating and non-confluent ARS, a

non-terminating and confluent ARS, and a convergent ARS.

Theorem (Convergence and quotient by the convertibility relation)

Let A = (X,=) be a convergent ARS. The set of normal forms of A is a complete set of

representatives of the quotient X/—.

Proof. By Propositions [Termination and normal forms] and [Confluence and normal forms], each
=-equivalence class contains exactly one normal form of A. This implies the statement of the
Theorem.
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Let A:=(X,=) be an ARS.

An x € X is in A if there exist 7,7 € £~ such that y#£y.

Let A:=(X,=) be an ARS. If A is terminating and locally confluent, then A is confluent.

Proof. Assume that x € X is ambiguous in A so that there exist z,2' € x= with z #+ z'. Hence, we
have * = y =" 2z and = = ¢y =" 2/ for some y,y' € X. By the fact that A is locally confluent and by
Proposition [Local confluence], there is ¢t € X such that y ="t and ¢ =*¢. By Proposition
[Termination and normal forms], ¢~ contains a u€ X. Since z# 2/, we have u # 2 or u # 2z’ (or both).
If uw+# z, then as y ="z, y="wu, and 2z and u are normal forms of A, y is ambiguous. Similarly, If
uw+# 2z, y is ambiguous. This shows that each ambiguous element of X admits at least one ambiguous
successor.

This property implies that there is in A an infinite rewrite sequence consisting of ambiguous
elements. Since A is terminating, A cannot have any ambiguous element.

Therefore, for any = € X, by Proposition [Termination and normal forms], = is a singleton. By
Proposition [Existence of a unique normal form and confluence], A is confluent.

Samuele Giraudo 84 / 334



4.

Combinatorics of terms

Samuele Giraudo

85 / 334

INF889K




4. Combinatorics of terms
4.1. Terms

4.2. Substitutions
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Combinatorics of terms

4.1. Terms
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Definition

A graded set is a pair (X,rk) where X is a set, called the underlying set, and tk : X — N is a
function, called the rank function.

Let G := (X,1k) be a graded set.
For any x € X, the natural number rk-z is the rank of z in G.

For any n € N, let
Gn:={re X :rtkax=n}
If for any n€ N, Gn is finite, then G is combinatorial.

A graded set G := (X',rk') is a sub-graded set of G if X’ C X and 1k’ is the restriction of rk on
the domain X'.

Examples

Let the graded set G := ({a,b}",¢). Since there are finitely many words on {a,b} of any length n € N,
G is combinatorial.
Let the graded set ' := ({a,b}*,¢,). Since G'-0 = {¢,b,bb,bbb,...} is an infinite set, G’ is not

combinatorial.
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.

A signature S is a graded set whose elements of the underlying set of a signature are called

constants and rank function is called arity functzon.

Example

Let the graded set Sy2 := ({ci; :¢,j € N},ar) where for any c;; € Sy2, arc;j =1i.

In the sequel, to lighten the notations, we shall write simply c¢; for c;o.

A set of wariables V is a set whose elements are called wariables.

Example

Let the set of variables Vy:= {v; :i € N}.
Let, for any n € N, V,, be the subset of Vy containing only the variables v; such that i € [n].

We always implicitly assume that any set of variables is disjoint from the underlying set of any

signature.
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Definition

Given a signature S and a set of variables V, an S,V-term is defined recursively to be
[l either a variable v € V;
[] or a pair (¢, (t1,...,t,)) where ¢ € S'n for an n € N.

Let S be a signature and V be a set of variables.
The set of S§,V-terms is denoted by T-S-V.

If t= (¢, (ty,....t,)) is an S,V-term, for any j € [n], the j—th subterm of t is the S,V-term tj :=t;.

Examples

Here are some Sy2, Vy-terms:
V8, (COa())a t:= (c27((CQ’(V2,V1))’(c17(v2))))
Moreover, we have t-1 = (c2,(v2,v1)) and t2 = (ci, (v2)).

We have also t-12=+t12=v;.
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.

Let §:= (C,ar) be a signature, V be a set of variables, and t be an S,V-term.

It follows immediately from the definition that t is a decorated ordered rooted tree.

Example

Let the Sy2,Vn-term

ti= (C37 ((C17 (Vl))7 (C07 ())7 (C27 ((C37 (V27 V3, (C07 ())))7 (C27 (V57 Vl))))))

This term is represented as the decorated rooted tree

C3
N
C1 Co Co)
I VRN
\1 C3 C2
VAN /\

By considering the usual terminology of graphs and trees and by seeing t as a tree:

[l a node of t is any vertex of t. Such nodes are decorated on Vuc;

[l an internal node of t is a node decorated on (C;

[l a leaf of t is a node decorated on V.
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Let S be a signature, V be a set of variables, and t be an S,V-term.

The functional notation of t is obtained by writing c(t;,...,t,) instead of (c,(t1,....t,))

Example

The Sy2,Vn-term of the previous example admits the functional notation

cz(c1(vi),co(), c2(cs(va, vs, co()), c2(vs, va))).

The applicative notation of t is obtained by writing ct;...t, instead of (c,(t1,...,t,)).

Example

The Sy2,Vn-term of the previous example admits the applicative notation

C31C1V1 JCO\C2 1€3V2V3C ) C2V5V1 J)-

In the sequel, we shall mainly use the applicative notation for &,V-terms up to some small
exceptions.
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Given a signature S, a set of variables V, and an S,V-term t, the of t is

defined recursively as follows:
if t=v where v €V, then the leaf forming t is visited;

otherwise, t=ct;...t, where c€ Sn, n€N, and t, ., t, are §,V-terms. The root of t is

visited first, and then, {;, ., and t,, are visited according to their respective preorder

traversals.
This procedure induces a total order on the nodes of t where the first visited element is the

smallest one.

Here is the Sy2,Vy-term t of the previous example with the indices of its nodes according to their

order of appearance in the preorder traversal of t:

C3
/ | \
C1 Co C2
| VN
Vi C3 E2)
VAEIRN / \

V2 V3 Cp Vs Vi
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|_ 4.1 Combinatorics of terms / Terms

Let §:= (C,ar) be a signature, V be a set of variables, and t be an S,V-term.

[l The word of t is the word w-t on VU C obtained by reading from left to right the symbols of
the applicative notation of t.

[l The wariable word Wys-t of t is the subword of w-t made of the letters of V.

[l The constant word wWenst of t is the subword of w-t made of the letters of C.

[l The wariable set Vars-t of t is the set {Wyurti:i € [ wyart]}.

Example

Let t be the Sy2,Vn-term of the previous example. Since C€3C1V1/C0C2|C3V2V3C0)C2V5V1y,, We have

w-t= C3C1V1CpC2C3VaV3CoCaVrVy
Wvar-t = V1ivavavsvi

Wens't = €3€1C0C2C3C0C2;

o000

Vars-t = {vi,va,v3,vs}.
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[_ 4.1 Combinatorics of terms / Terms

Let §:=(C,ar) be a signature, V be a set of variables, and t be an S,V-term.
When
L Wyar-t =€, t is ground;

LD by Wearty <1 for all veV, t is linear.

Examples

[1 The Sy2,Vn-term c3coCcaCoCoico is ground (and thus, also linear);
[l The Sy2,Vn-term caviCovavs, is not ground and is linear;

[l The Sy2,Vn-term cavsvs is neither ground nor linear.

Exercise ooooo

Give a necessary and sufficient condition on a signature S for the existence of ground S,V-terms,
where V is any set of variables.

Exercise ooooo

Give an example of a signature S so that the set of linear S,{v}-terms is infinite, where v is a
variable.
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4.1 Combinatorics of terms / Terms

Let §:=(C,ar) be a signature, V be a set of variables, and t be

Let the following rank functions on T-S-V:

[] the length (-t of t is the length of w-t;
[l the wariable length ly,-t of t is the length of Wy, -t.
Let also /(,-t:=/{, Wya-t, be the number of occurrences of the
[l the constant length lens't of t is the length of weys-t.
Let also /(.-t:= /(. W¢nst| be the number of occurrences of the
[l the height ht-t of t is the maximum number of internal nodes
root of t.

an S,V-term.

variable v € V in t;

constant ¢ € C in t;

on a downward path starting at the

Examples

Let the Sy2,Vn-term

t:= c3|C1V1Co C2(C3V2V3C0)|CaV5V1 -

We have (-t =12, lyart =5, lens't =7, and ht-t = 4.
Besides, htvy =0 and ht.co = 1.
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|_ 4.1 Combinatorics of terms / Terms —l
Let S be a signature, V be a set of variables, and t be an S,V-term.

Let us consider the following indexation of nodes, leaves, and internal nodes of t:

[} for any ¢ € [(-t], the i~th node of t is the i-th node visited according to the preorder traversal
of t;

[l for any i € [lya-t], the i-th leaf of t is the i-th leaf visited according to the preorder
traversal of t;

[l for any i € [leps-t], the i-th internal node of t is the i-th internal node visited according to
the preorder traversal of t.

Example

An Sy2,Vy-term with the indices of its leaves (left) and the indices of its internal nodes (right):

C3
C3
/ | \
1 Co () -
| RN 2 C1 Co C2 4
1V1 C3 Cy I = N
RN /\ Vi N w2

V2 V3 Cp Vs Vi 7 1IN /\
5 g a 3 Vo V3 Co Vs Vi
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|_ 4.1 Combinatorics of terms / Terms

Let S be a signature, V be a set of variables, and t be an S,V-term.

For any word u on N\ {0}, we define the S,V-term tu recursively as

t if u =,
tu:=
{(t-j)-u’ otherwise, where u=j.u' with j € N\ {0} and ' € (N\ {0})".

The function w > t-u is partial. When tw is defined, the S,V-term tu is the u-subterm of t and w
is the position of the root of t-u within t. The set of positions within t is denoted by P-t.

Example

Here is an Sy2,Vn-term t with the positions of its nodes:

C3
1¢C Co C2 3
| 2 v
\21 C331 C2 32
11 BN / \
Vo V3 Co A\ \%1
311 312 SILE 321 322

We have
Pt={e1,11,2,3,31,311, 312,313, 32, 321, 322}.
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|_ 4.1 Combinatorics of terms / Terms —l

Definition

Given a signature S, a labeled S-term is an S,N\ {0}-term.

Let S be a signature and t be a labeled S-term.

The wariable rank tky-t of t is 0 if Vars-t = () and, otherwise, is the maximal element among the
variables in Vars-t.

Assume that t contains n leaves. When
[ Wyapt=10:1)...10:ny, where 0:[n] — [m] is a surjective function for a certain m € N, t is packed;

L Wyart=101y...10'ny, where 0 € G,,, t is standard;

L Wyart=1...n, t is planar.

Note that a planar labeled S-term is standard and that a standard labeled S-term is packed.

Examples

[ Let t:=c32c1ljcal4. We have rk,-t=4. This labeled Sy2-term t is not packed.

(1 Let ' :=c22c221,. We have rk,t' =2. This labeled Sy2-term t' is packed but not standard.
(1 Let t":=c3213. We have rk,t’ =3. This labeled S,2-term t’ is standard but not planar.
(1 Let t:=c3123. We have 1k, =3. This labeled Sy2-term t” is planar.
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Exercise ooooo

Classify the following sequences of symbols depending on whether they form valid applicative
notations of some Sy2,Vy-terms:

L oves L cavive; L] c3\vacovivo|C1Va);
[ c1; L] cavocivi; [l c3c1covijvaC1Va;
[ co; L) cgc1vaCovys [ €3/C2CoV1 V2 (C1V4.

Exercise ooooo

Let S be a signature, V be a set of variables, and t be an S-term. Give a necessary and sufficient

condition for the fact that the word of t is a valid applicative notation of an S,V-term.

Exercise eoooo

Let S be a signature and V be a set of variables.
1. Provide a recursive definition of the height of S,V-terms.
2. Show that for any S,V-term t, ht-t < lens-t.
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4.1 Combinatorics of terms / Terms

Exercise ooooo

Let S be a signature, V be a set of variables, and X be a subset of (N\{0})". Give a necessary
and sufficient condition for the fact that there exists t& T-S:V such that P-t= X.

Exercise ooooo

Let S be a signature, V be a set of variables, and t be an S,V-term. Prove that for any ¢ € [/{],
the position u of the i-th node of t appears at i-th position among P-{ when seen as a sorted list

w.r.t. the lexicographic order on (N\ {0})".

Exercise ooooo

Given a monoid (M,*,1) and a set X, a partial function 0:X — M — X is a partial right monoid
action of M on X if for any z € X, O-x-1 =z, and for any = € X and mi,ms € M, 0-0-x-mi;mso is
defined iff 0-x:ymi ~ m2, is defined, and when they are defined, these two elements of X are equal.
Prove that for any signature S and any set of variables V, the function 6 : TSV — (N\{0})" —
TSV defined for any t € TSV and u € (N\{0})" by f-tu := tu is a partial right monoid action of
the free monoid ((N\ {0})",.€) on T-S-V.
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Exercise ooooo

Let, for any n € N, X, be the set of Sy2,Vn-terms t such that t is ground, any internal node of t
is decorated on {cp,c1,C2,...}, and l -t =mn.
Let, for any n € N, X, be the set of Sy2,Vn-terms t such that t is planar, any internal node of t
is decorated on {co,ci,C2,...}, and rkyt=n.

Describe a bijection 0: X, — X, .

Exercise ooooo

Give a necessary and sufficient condition on a signature S for the fact that the set of packed

labeled S-terms of variable rank n is finite for any n € N.

Exercise ooooo

Provide necessary and sufficient conditions on a signature S§ and a set of variables V so that

the graded set (T-S-V,/) is combinatorial;

the graded set (T-S-V,/lyar) is combinatorial;

the graded set (T-S-V,lcns) is combinatorial;
(

T-S-V,ht) is combinatorial.

Sw N -

the graded set
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[_ 4.2 Combinatorics of terms / Substitutions

Definition

Given a signature S and a set of variables V, an S,V-substitution is a function V — T-S-V.

Let S be a signature, V be a set of variables, and o be an S,V-substitution. The domain of o is
the set

Dom.o :={veV:ow#v}.

Any subset S of V x T-SV such that (v,t) €S and (v,t') € S implies t=1t specifies the
S,V-substitution [S] defined, for any v €V, by

[S]v = {t if (v,t) €5,

v otherwise.

Example
Let the Sy2,Vn-substitution
o := [{(va, cacov1), (v3,Vv3), (vs, V6) }].
We have Dom-o = {va,v5}, 0-vo =cacovi, 0v5 =Vs, and o-v; =v; for all i € N\ {2,5}.

L Samuele Giraudo 104 / 334 INF889K



[_ 4.2 Combinatorics of terms / Substitutions

Let S be a signature and V be a set of variables.

Given an S,V-substitution o, the eztension of o is the function 7 :%T-SV — -5V defined
recursively, for any S,V-term t, by

_ o if t=v for avevV,
ot:=
coty...0t, otherwise, where t=-ct;...t,.
Example
Let the Syz,Vy-substitution o := [{(vi,c2v1V2),(v2,c1vs), (v3,v4)}]. We have

0-C3 V2 €2 V3 V2 €1 Coj = C3 |C1 V5 \C2 V4 C1 V5H €1 Coj-

An S,V-substitution o is a renaming if o is injective and for any v €V, ow =1 for a v € V.

Example

Let the Sy2,Vn-substitution o := [{(vi,v1), (v2,v3), (v3,v4), (v4,v2)}]. This Sy2,Vy-substitution is a
renaming and we have

0+C3 V2 C2 V3 Vo |C1 Co| = C3 V3 (Ca V4 V3 (C1 COj.
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[_ 4.2 Combinatorics of terms / Substitutions _]

Let S be a signature and V be a set of variables.

The disjoint union of two S,V-substitutions o; and o5 such that Dom-o; N Dom-os = () is the
S,V-substitution oy lloy defined, for any v € V, by

o1v if v € Dom-oy,

g1 L 09"V =
090 otherwise.

The composition of two S,V-substitutions o; and oo is the S,V-substitution oj 00y defined, for any
veV, by

01 0092'V := 0102"V,.

Example

We have the following composition of Sy2,Vy-substitutions:

[{(v1,c0), (v3,caviva)}] o [{(vi,c1vi), (v2,cavivavs)}] = [{(v1, c1co), (V2, C3CovaCaviva)), (V3, Caviva)}].
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Let S be a signature and V be a set of variables.

Let t be an S,V-term, v;...v, be a sequence of pairwise distinct variables of V, n €N, and t|...t,
be a sequence of S,V-terms. The composition of t and tj...t, on v;...v, is the S,V-term

t[{(vlvtll)v coog (Umt;)}] = [{('Ulvt/l)v ooog (Umt;z)}]'t'

The S,V-term t[(v1,t)),..., (vs,t,)] is built by replacing simultaneously each occurrence of a variable
v, €V of t by t; for all i€ [n].

Examples

We have the following compositions of Sy2,Vy-terms:

O C3 V2 C2V] Vg C1V3 [{(Vl,C())7 (V27C| Vr)), (V4,V1)H = C3|C1V5),C2Co C1V5),C1V3);

| Ca2 Vi V3[{(V17V2)7 (V27V2)7 (V37V2)7 (V47V2)7 (V57V2)}] = C2 V2 Va.

Let t,t' € SV and v € V. The partial composition of t and ' on v is the §,V-term

t oy t = t[{(v,t)}].
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Let S be a signature.
A labeled S-substitution is an S,N\ {O}-substitution.

The labeled S-substitution of a sequence f{;...t, of labeled S-terms is the labeled S-substitution

[t ta] == (L, 1), ..., (0, 1) )]

Example

Let the labeled Sy2-substitution o defined by

g = [2,2,C23C0,C0,5].
We have 0-1=2, 0:2=2, 0:3=c23¢cp, 0:4=co, and for any i > 5, ot =1.
Therefore, Dom-o = {1,3,4}.

Note that, by using the previous notations, in this context of labeled S-substitutions, for any
labeled S-term t and any sequence t’l...t;l, n €N, of labeled S-terms,

i, .., 0] =t{(1,4),...,(n,t,)}]
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The composition of labeled S-substitutions, when & is a signature, can be described in the
following way.

Proposition [Composition of labeled substitutions]

For any signature S, any sequences ti...t,, n €N, and §1...5,, m €N, of labeled S-terms, and any
labeled S-term v such that m > rk,-t,

Hh--qtn]0h1p-q5m}t=:Hh,u-,hJﬁ1p..Jh,u-,hJﬁm]¢.

Exercise ooooo

Prove that the condition about the variable rank of v is necessary in the previous proposition.

Exercise ooooo

Prove the previous proposition.
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Theorem [Relations of compositions of labeled terms]

For any signature S, the following relations hold:
[] for any n €N, i € [n|, and any sequence t;...t, of labeled S-terms,

i[t17...7tn} Zfi;
[l for any n € N and any labeled S-term { such that n > rk-t,
tfl,...,n] =t

[] for any n,m € N, any labeled S-term t, and any sequences t...t, and t]...t,, of labeled
S-terms such that n > rk,-t, and m > rk,-t; for all i€ [n],

e, [t =t ][]

Proof. The first two relations are immediate. The third one is a consequence of Proposition
[Composition of labeled substitutions].

L Samuele Giraudo 110 / 334 INF889K



4.2 Combinatorics of terms / Substitutions

Exercise ooooo

Let S be a signature and V be a set of variables. Exhibit the neutral element w.r.t. the

composition of &,V-substitutions.

Exercise eoooo

Let S be a signature and V be a set of variables. Show that the composition of S,V-substitutions

is not commutative.

Exercise ooooo

Let S be a signature and V be a set of variables. Show that the composition of S,V-substitutions

is associative.

Exercise ooooo

Let S be a signature, V be a set of variables, and let t and t' be two S,V-terms. Describe a
necessary and sufficient condition on both t and t' for the existence of two &,V-substitutions o and

o' satisfying o-t=1t and o/-t' =t.
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[_ 5.1 Term series / Formal series

Let K be a field.

For any set X, let K(X) be the K-linear span of X. By definition, X is a basis of K(X).

Each element of K(X) is a K, X -polynomial.

Example

By setting A := {a,b}, the K-linear combination

ab — ba + 2baa
is a K, A"-polynomial.

A K, X-polynomial f is a K-linear combination of elements of X so that [ can be written as a
finite sum

f = Z )\$xa
reX
where each A\, € K, v € X, is the coefficient of = in f.

The number of z € X such that A, #0 is finite.
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|_ 5.1 Term series / Formal series

Definition

For any field K and set X, the space of K, X-series is the K-vector space K((X)) defined as the
dual space of K(X).

Let K be a field and X be a set.
A K, X-series is a linear form f:K(X) — K whose value on = € X is the coefficient f-x of x in f.

The support of f € K((X)) is the set
Suppf :={x € X : f-x # 0}.

The canonical pairing of a K, X-polynomial f and a K, X-series f is the element of K defined by

() == 3 o fa

reX
Given X' C X, the characteristic series of X' is the K, X-series [X'| defined, for any x € X, by
[X')z:=[z e X'].
For any x € X, when there is no confusion, we denote by = the K, X-series [{z}].

Note in particular that, for any z € X and f € K((X)), (z,f) is the coefficient f-r of z in f.
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Let K be a field and X be a set.

The infinite sum notation of f € K((X)) allows us to formally write

f= Z(:r,f)x.

reX

Examples

Let the alphabet A := {a,b}. Here are some K, A"-series:

L1 0; L [A%];

[ aba; O ZMGA*Mw;

[ ab+ 2baa; O ZweA*Mw;
[ 1+a+aa+aaa+---; O Zwl,wzeA*wl'wz'

Exercise oeooooo

Express the coefficients (w,f) for all w € A" such that f-w < 3 for all K, A"-series f among the

examples above.
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Let K be a field.
For any alphabet A,

[ K{((A*)) is the K-vector space of noncommutative formal power series on A;

Examples

The previous examples show noncommutative formal power series on A with A = {a,b}.

[ K{(Mon-A)) is the K-vector space of formal power series on A, where Mon-A is the set of
monomials over A that are commutative words om A.

Examples

Let A={a,b}. In K((Mon-A)), we have

Z w=¢e+a+b+aa+ab+ ba+ bb+ aaa + aab + aba + abb + baa + bab + bba + bbb + - - -
weA*

=€+ a+ b+ aa+ 2ab+ bb + aaa + 3aab + 3abb + bbb + - - - .

The linear function ¢ :K((A*)) — K((Mon-A4)) satisfying, for any w € A", ¢-w =W where W is the
commutative image of w, extends uniquely to a linear function between K((A*)) and K((Mon-A)).
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|_ 5.1 Term series / Formal series —l

Let K be a field, X be a set, and rk;...rk;, K> 1, be a sequence of functions such that for any
i€lk], (X,rk;) is a graded set.

Let the alphabet of variables Z:={z;:7€ N\ {0}}. To lighten the notation, we sometimes denote by
z the variable z;.
For any f € K((X)), the rk;...rky-trace of f is the K,Mon-Z-series
trrkl‘..rkk'f = Z <£L’, f> Ziklhm e szk.m'
z€X

Observe that the function tryk, ..k, is linear and that try, ,,-f may not be well-defined.

Example

Let the K, G-series

fr=> (-1)™ 7o =e+1+12-21+123 - 132 - 213+ 231+ 312 - 321+ --- .
ceS

By defining des-oc as the number of descents of o € &, we have

trodes f = 2925 + 2125 + 2325 + (—l)zfzé S A (—1)2?2% + (—1)2‘1’2% b 57 b i L (—1)2?23 R

2 2 3 3.2
=142z1+2] —zi2z0+27 —ziz5+--- .
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Let K be a field and G := (X,rk) be a combinatorial graded set.

The generating series of G is the K,Mon-{z}-series

Note

(Q} = trrk~[X].

Example

Consider the graded set G := ({a,b}",/). Since
[{a,b}"] = €+ a+ b+ aa+ ab+ ba + bb + aaa + aab + aba + abb + baa + bab + bba + bbb + - - - |

we have

(G)=142z+42° +82° 4 ---.

that when § is not combinatorial, (G) is not well-defined.

Exercise ooooo

Provide an example of a graded set (X,rk) such that ((X,rk)) is not well-defined. Introduce another
rank function rk’ such that ((X,rk’)) is well-defined.
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|_ 5.2 Term series / Products on series

For any set Y and n €N, an n-operation on Y is a function of type

Y—»...=2Y Y
N————

n times

Note that a O-operation is a constant.

Given a 2-operation # on a set Y, for any k > 1, let %) pe the k-operation defined recursively,
for any yi,...,yr €Y, by

PIC I 4 if k=1,
n Yk : (h—1) .
0-0 Y1+ - Yk—1,Yr Ootherwise.

Example

Let the alphabet A := {a,b} and let the 2-operation 6 on A" satisfying 6-w;-ws = w;.ws for any
w1, w2 € A*.

This 2-operation # has type A" — A" — A".
The 3-operation 6®) has type A* — A" — A" — A* and satisfies, for any wy,ws,ws € A,

() o mmoams = Or(Damn T = —
W1 W2 W3 = W1-W2 w3 = (W1« W2) « W3 = W1 « W2 » W3.
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Let K be a field, X be a set, and # be an n-operation on X.

The extension of 6 on K((X)) is the n-operation 6 on K((X)) defined, for any fi,....f, € K{((X)), by

[ZB {P - Z H (zi,£) | -2y -+ 2.

(z1,...,xn)EX™ \i€[n]

In other words, 6 is the multilinear function induced by 6.

Note that O-f;- --- -f, may not be well-defined.

Example

Consider the alphabet A and the 2-operation § on A™ of the previous example.

We have

0-1a + bbjjaa + 2b + ba; = aaa + 2ab + aba + bbaa + 2bbb + bbba,

6- Sowre Y wa = Z 0-w1-ws = Z w1 «wa = € + 2a + 2b + 3aa + 3ab + 3ba + 3bb + - - - .

w1, waEA* wi, waEA*
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Exercise ooooo

Let K be a field and X be a set. For any n € N and ¢ € N, let m; be the n-operation on X such
that for any x1,...,2n S X, mix1 0 T = x;. Provide a description of Tn-f1- - -f, for any
fi,..., 5, e K{(X)).

Exercise ooocoo

Give an explicit example of a 2-operation # on a set X such that 0-f,-f, is not well-defined for
some fi,f; € K((X)) where K is a field.

Exercise ooooo

Let the alphabet A := {a,b}. Let the 2-operation # satisfying 0-wi-ws = w;.ws for any wi,ws € A*.

Give, for any w € A*, an explicit expression for the coefficient

w,0‘ Z éa'wl w1 - Z Eb'wz w2
|w1eA* | w2EA” \
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[_ 5.2 Term series / Products on series

Proposition [Multilinearity of extensions of operations]

Let K be a field, X be a set, and # be an n-operation on X.

well-defined, then 6 is multilinear.

If the extension 0 of # on K((X)) is

Proof. Let f,...,f, e K((X)), a€K, i€n], and f/ € K{((X)). By multilinearity (in particular in

its second argument) of the canonical pairing, we have

@.fl.._..M._“.fn: Z H <$J~,fj> <$i701fi+fil>0-$1-....a?n
(z1,...,zn)EX™ \jE€[n]\{i}

= Z H <$j,fj> a(xi,fi> 9'%1' 000 By F Z H <$j,fj> <J}l,fll> 9-1‘1-

(@1, n)EX™ \G€[N]\{i} (@120 ) EX™ \JE[n]\{i}

—alf .. O

This shows the linearity of # in its i-th argument.
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[_ 5.2 Term series / Products on series

Proposition [Coefficients in series with extensions of operations]

Let K be a field, X be a set, and 0§ be an n-operation on X. If the extension 6 of 0 on K((X)) is
well-defined, then for any fi,...,f, € K((X)) and z € X,

<x,§.f1. .fn> — Z [z =021 - zn) H (2, ).
i€[n]

(1,0 ,pn)EXT

Proof. By multilinearity (in particular in its second argument) of the canonical pairing, we have

(2,06, - £,) = <x, Z H (i, ) | -2y - -+ $n>
(z1,..

LTn)EX™ \i€[n]

_ Z H <37iafi> (a:,9-$1~ $n>

@1, amexn \ichn]
B > I @i ) | [z =621 - 2],
(Z1ye.yzn)EX™ \i€[n]
This shows the statement.
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|_ 5.2 Term series / Products on series

Let G:= (X,rk) be a graded set. An n-operation # is rk-graded if, for any ai,...,2, € X,

rk. g.xl. o Ly = ]j'k.xl _|_ e _|_ rk.xn.
Examples

Let A be an alphabet.
'] The concatenation operation . on A* is an (-graded 2-operation. Indeed, for any wi,ws € A",
Oowy « woy = Lwy + Cwa.

| The reversal function w+ w' on A" where, for any w € A" and i € [(w], w'i:=w-Lw—1i+1 is
an (-graded l-operation.

] The l-operation §:=w+> w4 on A* where, for any w € A" and A’ C A, w4 is the subword of
w consisting of its letters belonging to A’, is not (-graded. For instance, for A := {a,b,c},
A" :={a,b}, and w:= abca, we have {-f-w) = l-aba =3 # 4 = (-abca = (-w.

Nevertheless, 0 is (,-graded for any z € A’.

If 0 is an rk-graded 2-operation, then for any k > 1, then #*) is also rk-graded (follows by
induction on k).
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Proposition [Graded operations and traces]

Let K be a field, (X,rk) be a combinatorial graded set, and ¢ be an rk-graded n-operation on X.

If the extension 0 of 0 on K((X)) is well-defined, then

R M H o f; where H is the iterated product on monomials.

Proof. By definition of f and tr,, by linearity of tr,x, and since f is rk-graded, we have

trac@-f1e oo By = trae Y I @i £) | 0-2a -
(z1,...,20)EX™ \i€[n]
> IT (@i ) B i AR 7Y

= 2 T (i &) |tracfzr - am =
(T1,.,xn)EX™ \i€[n]

(Z1,...,xn)EX™ \i€[n]

- Z H <xi7fi> Zrkimﬁ.uﬂk.mn - Z H <$i, fi> zrk'“"i

LTR)EX™ \i€[n]

(Z15..,n)EX™ \i€[n] (z1,..
:H(Z(azf rkw) T troct.
i€[n] \z€X i€[n]
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The of a combinatorial graded set G := (X,rk) is the sequence (#-G-1n)), -

An approach to compute the entries of the integer sequence of § consists in providing a description
of the generating series (G) of G.

Here are the steps:
Set K=R or K=0Q.
Consider a collection {0;:i € [k]} of rk-graded n,-operation on X, where n; € N, i€ [k], ke N.

Express the characteristic series [X] of X via a system of equations using the extensions 6;
on K((X)) of the 0;, i€ [k].

By applying the rk-trace function tr,x on both sides of the equations of the system, transform
the previous system of equations of series of K((X)) into a system of equations on formal
power series of K((Mon-Z)).

Use the previous equations to express, for any n € N, the coefficient (z",(G)).

It follows from Proposition [Graded operations and traces] that for any n € N, (z" (G)) = #:Gn, as
expected.
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|_ 5.3 Term series / Enumeration

Let us give some examples fitting in this framework, involving the enumeration of some families of
paths.

A path is a nonempty word on N. The rank rk-p of a path p is lp—1.
Let P be the graded set whose underlying set is the set of paths and rank function is rk.

A path p of rank n— 1, n>1, is drawn as the set of points {(i — 1,p+i):4 € [n]}, where any pair of
adjacent points is connected by a step.

Note that the rank of a path p is the number of steps of p.

Example

The path 1240011 has rank 6 and is depicted as

/
{1\ .
TIILETT
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The concatenation of paths is the 2-operation # defined for any p; € P ny—1,, ny > 1, and
ngP-ng—l, ng =1, by

Tk P1yep2  if pr-ni < po-l,
0-p1-p2 := , )
p1+ Tk Py, otherwise,

where for any w € N* and j €N, 1; -w is the word obtained by incrementing by j each letter of w,
k:=|p1'ny —p2-1|, and p] (resp. p,) is the word obtained by deleting the last (resp. first) letter

of p; (resp. p2).

Example
O)
% %%& \ []
Exercise oooo0o Exercise ooooo
Prove that the 2-operation ¢ on paths is Prove that the 2-operation € on paths is
rk-graded. associative.

L Samuele Giraudo 132 / 334 INF889K
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Let DP be the graded set of Dyck paths, defined as the sub-graded set of P containing the paths
whose first and last letters are (, and obtained by iterated concatenation via ¢ of the paths 01
and 10.

By denoting by X the underlying set of DP, we have

X]= o + gy + swn + PR + svien + GOAN + ANA + AV + [ 4

Lemma [Decomposition of Dyck paths]

If p is a Dyck path, then
1. either p= o ;

2. or there exists a unique pair (pi,p2) of Dyck paths such that

p= 9(4> £ p1- XL -pa.

Exercise oeoooo

Prove the previous lemma.
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From Lemma [Decomposition of Dyck paths], it follows that the characteristic series of DP satisfies
the equation in K((P))

[X]= o +60@. » [X] g [X].

By considering the images by the function tr,x on both sides of the previous equation, and since ¢
is rk-graded,

(DP) =1 + z2(DP)>.
From this, we obtain that for any n € N,

1 if n=0,
> [n1+ne =n—2] (", (DP)) (z"2,(DP)) otherwise.

ni,n2 €N

(z*,(DP)) =

By computing the first values, we obtain that the integer sequence of DP starts by
1,0,1,0,2,0,5,0,14,0,42,0, 132, 0, 429, 0.

By deleting the zeros, this is the Catalan integer sequence (A000108).
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[_ 5.3 Term series / Enumeration _]

Let MP be the graded set of Motzkin paths, defined as the sub-graded set of P containing the paths
whose first and last letters are (, and obtained by iterated concatenation via 0 of the paths 01,

10, and 00.
By denoting by X the underlying set of MP, we have

[)(]22 o+ oo + ooo + R + oooo + IRy + FRoy T LR Foc

Lemma [Decomposition of Motzkin paths]

If p is a Motzkin path, then
1. either p= o
2. or there exists a unique Motzkin path p; such that
p =000 p1;
3. or there exists a unique pair (pi,p2) of Motzkin paths such that

Exercise ooooo

Prove the previous lemma.
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From Lemma [Decomposition of Motzkin paths], it follows that the characteristic series of MP
satisfies the equation in K((P))

[X] = o + 8- 00 [X] + 0@ & [X] & -[X].

By considering the images by the function tr,x on both sides of the previous equation, and since ¢
is rk-graded,

(MP) = 1+ z(MP) + z>(MP)?.
From this, we obtain that for any n € N,
1 if n =0,

(Z"7L(MPYY + > [ +ng =n—2](z",(MP)) (z*2,(MP)) otherwise.

ni,n2 €N

(z*, (MP)) =

By computing the first values, we obtain that the integer sequence of MP starts by
1,1,2,4,9,21,51,127,323, 835, 2188, 5798, 15511, 41835, 113634, 310572.

This is the sequence of Motzkin numbers (A001006).
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|_ 5.4 Term series / Term series and substitutions

Let § be a signature and V be a set of variables.

Let t be an S,V-term and v;...v,, n €N, be a sequence of pairwise distinct variables of V.

The t,vy...v,-grafting operation is the m-operation 0, ., on T-S-V defined, for any
bhoot, €TS8V, by

et,vlmvn't/l' U 't;z = t[{(vl>tll)7 ooog (’Umf%)}].

Example

By considering the signature SNz, the set of variables Vy, and by setting t:= caciv3)Cavive, we have

9&,\/1\/2\/3 (C3VaVaVya €1Vl C2V2 CaViVe ) = C2

\Cl\C2V2\C2V1V6HHCQ\C3V2V2V4HC1V1H.

If K is a field, an S,V-term series is a K,%T-S'V-series.

Such t-grafting operations, together with &,V-term series, can be used to describe characteristic
series of some families of &,V-terms in order to enumerate them w.r.t. some adequate rank
functions.
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|_ 5.4 Term series / Term series and substitutions —l

Let §:=(C,ar) be a signature and V be a set of variables.

Let t be an S,V-term, vy...v,, n €N, be a sequence of pairwise distinct variables of V.

By setting V :={vy,...,v,}, for any S,V-terms t},...,t,,

Ot Vv,
or amny v € Cor By, s -ty =0 ¢ V] oty + Z Lyt Lyt
i€[n]

When Vars:t=1V and t is linear, the n-operation 0i,, ., is {,-graded. In this case, 0y, ., is

also /ly,,—graded;

| for any cc C, Cor Oty the o ot = Lot + Z ot Lot
i€[n]

When Vars-t=1V, t is linear, and /.-t =0, the n-operation 0., .., is (.-graded.

Exercise ooo

Let S be a signature and V be a set of variables. Provide a necessary and sufficient condition for

a rank function rk, an §,V-term {, and a sequence vi...v,, n € N, of pairwise distinct variables of

V for the fact that the n-operation 0,,..,, is a rk-graded.
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|_ 5.4 Term series / Term series and substitutions

An alternating unary binary tree is an Example
Sne2, D-term t such that
C2
1. any internal node of t is decorated on o7 D
{co,c1,c0};5 a a
Here is an alternating 7/ \
- . PR
2. for aFy positions w and u . j in t such unary binary tree: A
that j € N\ {0}, the decorations of the e
internal nodes at positions w and u . j Co ?
in t are different. o

Let AUB be the graded set whose underlying set is the set of alternating unary binary trees and
rank function is /.. Recall that this function sends each alternating unary binary tree t to the
number of internal nodes of t decorated by c¢g.

Exercise oeoooo

Prove that the graded set AUB is combinatorial.
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The 1-grafting of Sy2,Vny-terms is the l-operation 0 := 0., v, -

Similarly, the 2-grafting of Sy2,Vy-terms is the 2-operation 6 := O,y vs.vivs -

Examples
On alternating unary binary trees, we have
O 91' C2|C1CpjC1Coj, = €C1,C2|C1C0 C1C0 )5 O 92- C1Cp " C11C2CpCp|, = €C2|C1Cp|,C1|C2CnCo,-

Exercise ooooo

Prove that the l-operation #; and the 2-operation 02 on Sy2,Vn-terms are /. ,-graded.

Exercise ooocoo

Prove that the 2-operation > on Syz,V-terms is not associative.
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By denoting by X the underlying set of AUB, we have

[X] = co + c1co + c2€0Co + €2€0(C1C0; + C2(C1€0C0 + C2C1C0(C1C0) + €1/C2C0Co; + C€1,C2C0C1C0),

+C1‘C2‘C1C0‘CO‘ + Cl‘CQ‘C1C0HC1C0H -+ CQCO‘Cl\CQCOCOH + CaCp C1‘C2C0 C1Coy, + -

=y

Lemma [Decomposition of alternating unary binary trees]

If t is an alternating unary binary tree, then
1. either t=cp;
2. or there exists a unique alternating unary binary tree t; having root decorated by cyp or by c2
such that t=0;-t;;

3. or there exists a unique pair (t;,t) of alternating unary binary trees having roots decorated
by co or by c; such that t=6-t;-ts.

Exercise oeoooo

Prove the previous lemma.
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From Lemma [Decomposition of alternating unary binary trees], it follows that the characteristic
series of AUB satisfies the following system of equations in K((T-Sn2-Vy)):

[X] = co + 61-[Xa] + 02 [ X1]-[X1],
[X1] = co + 01-[Xa],
[Xa] = co + O2-[X1]-[X4],

where X; is the subset of X consisting of alternating unary binary trees whose roots are decorated
by ¢ or by c;, and where X, is the subset of X consisting of alternating unary binary trees whose
roots are decorated by cyp or by co.

By considering the images by the function tr,_  on both sides of the previous equations of the
system, and since 0; and ¢, are /., -graded,

(AUB) =z + f5 + f7,
f1:2+f27
fQZZ—‘rflz,

where f; := tI'(C“-[Xﬂ and f5 := try_-[Xo].

<0
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From the previous system of equations, we obtain

(AUB) = 2f and (B = b Oy A

so that, for any n €N,

0 if n=0,
1 if n=1,
(2", (AUB)) = 2(z",f5)  and (2", f2) = ¢4 if n=2,
20z L)+ > [ni+ng=n] (2™, f)(z",f) otherwise.
ni,na€n—1]
By computing the first values, we obtain that the integer sequence of AUB starts by
0,2,8,32,160,896, 5376, 33792, 219648, 1464320, 9957376, 687964 16.
Exercise ooooo
Give a very simple combinatorial argument showing that for any n > 2, (z",(AUB)) = 2"T'cat.n — 1,
where, for any k €N, cat-k = (%f)k%rl is the number of binary trees with £ internal nodes.
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000

Let X be the set of Sy2,(-terms t such that any internal node of t is decorated on {cy,c2,c3} and
any internal decorated by c3 has no child which is an internal node decorated by co.
Prove that the graded set (X,/,) is combinatorial.
Define some grafting operations allowing us to decompose any Sy, (-term of X in a recursive
way.
Provide a system of equations for [X| using the extensions of the previous grafting

operations.

Deduce from this system of equations a system of equations for the generating series ((X,/())
of (X,/l).

Deduce from this system of equations a recurrence formula to compute the terms of the integer
sequence of (X, /).
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|_ 6.1 Term rewrite systems / Matchings

Let & be a signature and V be a set of variables.

Let t and t be S,V-terms. If there exists an S,V-substitution ¢ such that t' =&-t, then

[l t is a prefiz of t'. This property is denoted by t =, t';
[] the S,V-substitution o is a matching of t into t'.

Examples

Let the Sy2,Vn-term

t = €3Co|C2V1V3)C1V1.

(] Let t:=csvivavs. Let the Sy2,Vy-substitution o := [(v1,co), (V2,cavivs), (vs,civi)]. Since t' =7,
o is a matching of t into t' and t =<, t'.

'] Let t:=csvivaCivsy. Let the Sy2,Vy-substitution o := [(vi,co), (va,cavivs), (vs,vi)]. Since t' =7,
o is a matching of t into t' and t =<, t'.

[l Let t:=c3vivava. By assuming that a Sy2,Vn-substitution o exists such that o is a matching
of t into t', we would have both o.vs = cpvivs and o-vo = cyvy. This is absurd, so that t is not
a prefix of t'.

[l Let t:=coviva. By assuming that a Sy2,Vy-substitution o exists, we would have t =5, so
that c3 =t-¢e = o-t-e =cy. This is absurd, so that t is not a prefix of t'.
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Exercise ooooo

Consider the two Sy2,Vi-terms t' := cocivijcavavs) and t:= coviCovavsy. Give two different matchings of

t into t'.

Exercise ooocoo

Let the Sy2,Vy-term 4 = C3|C2ViVa V2 C2|C1V3Co,. Give examples of Sy2,Vy-terms t such that t are

prefixes of t' of constant lengths m for all n € [5].

Exercise ooocoo

Let the Sy2,Vy-term t = C2CaViVeCaVaVi). Give an example of a ground Sy2,Vy-term t' such that
lenst' =9 and t<p .

Exercise oeoooo

Define two different Sy2,Vn-terms t and t' satisfying t <, t and t <, t.
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A binary relation R on a set X is a preorder if R is reflexive and transitive.

When, additionally, R is antisymmetric, R is an order relation.

Proposition [Prefix relation on §,V-terms]

For any signature S and set of variables V, the binary relation <, is
[l a preorder, when seen as a binary relation on S,V-terms;

[l an order relation, when seen as a binary relation on planar labeled S-terms.

Exercise oocoo

planar labeled S-terms and S is a signature.

Give a simple combinatorial characterization of the fact that t <, t' holds, where t and t' are two

Exercise oeoooo

Prove the previous proposition.
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Let S be a signature, V be a set of variables, and t and t' be two S,V-terms.
A matching of t into t' can be computed through the ARS Matchingg  := ({Fail} UP: ‘3:~S-V2,:>) such that

{(ety .. ty,ct] .. )US = {(t1,4]), ..., (tn, £} US,
{ety...t,, ... €, }US=Fail, if c#¢,
{(cty...ty,v)} U S = Fail,
{(v,t),(v,)}US = Fail, if veV and t#t.

This ARS is used by computing the normal form of {(t,t')} and, when this normal form is a set S, by
considering the S,V-substitution [S] specified by S.

This §,V-substitution satisfies t' = [S]-t.

The normal form Fail is reached in the case where t is not a prefix of t'.
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Example

Pp— / pp— H
Let the Sy2,Vy-terms t:= c3vicavavsvi and t := C3C1V2)C2|C1V2 V3 C1Ve). In MatchlngSNz,VN,

{(t€)} = {(vi,c1va), (cavavs, carcavavs), (vi,civa) } = {(vi,c1v2), (v2, c1v2), (v, v3), (v1,cva)}.

We can check that the Sy2,Vy-substitution [{(vi,civa),(va,civ2),(vs,vs)}] is a matching of t into t'.

Example

Let the Sy2,Vn-terms t:= coviCavavsy and t' := cacocavivavs. In Matching5N2 Vi 2
{ (t, t,) } = {(Vl, C())7 (C2V2V3, C3V1V2V3)} = Fail.

We can check that t is not a prefix of t'.

Example

Let the Sy2,Vn-terms t:= c3vivave and t' := c3co c1Co;,C1C1C0 In MatchingSNLVN,

{(f, t/)} = {(Vl,Co)7 (V2,C1C0), (Vg,Cl\ﬂ/)} = Fail.

We can check that t is not a prefix of t'.
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Due to the following results, the ARS Matchings,, where S is any signature and V is any set of
variables, computes exactly what is described before.

Theorem [Convergence of Matchingg /]

For any signature S and set of variables V, the ARS Matchings, is convergent.

Proposition [Computation of Matchingg,,]

Let S be a signature, V be a set of variables, t,t' € T-S'V, and S := {(t,t)}.
[l If t<, ', then the normal form of S in Matchings, is the set S’ such that [S’] is a matching
of t into t.
[l Otherwise, the normal form of S in Matchingg, is Fail.
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|_ 6.2 Term rewrite systems / Rewrite mechanics

Definition

A term rewrite system (TRS) is a triple (S,V,—) where S is a signature, called the underlying
signature, V is a set of variables, called the underlying set of wariables, and — is a binary
relation on T-S-V, called the eclementary rewrite relation.

The elementary rewrite relation must satisfy the following two conditioms:
1. for any S,V-terms t and t', t —t implies that Vars-t' C Vars-t;
2. for any S,V-terms t and t', t —t implies that fe,st> 1.

Let 7 :=(S,V,—) be a TRS.

If t and t are two S,V-terms such that t — t', then

[] the pair (t,t') is a rewrite rule of T;

(] t is the left-hand side of the rewrite rule (t,t');

[l ¥ is the right-hand side of the rewrite rule (t,t');

[ Wens'tl is the head constant of the rewrite rule (t,t'). By 2., this is well-defined;

[l for any S,V-substitution o, the pair (¢-t,5-t') is an instance of the rewrite rule (t,t/).
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Example

Let Assoc:= (({m},ar),{1,2,3},—) be the TRS such that arm =2 and mml23 — mlm23,.

Example
Let Assocy := (({m,m'},ar),{1,2,3},—) be the TRS such that arm = 2, arm’ = 2, mml23 — mlm23,
and m'1m/23; — m/im/123.

Example

Let Eq:= (({t,e},ar),{1},—) be the TRS such that art =0, are=2, and ell —¢.

Example

Let NatAdd := (({z,s,a},ar),{1,2},—) be the TRS such that arz = 0, ars = 1, arra = 2, alz — 1, and
alis2) — sal2.

Samuele Giraudo 157 / 334 INF889K




Let 7 :=(S,V,—) be a TRS.
The of 7 is the smallest binary relation = on T-S'V satisfying the two following
properties:
for any instance (s,5') of a rewrite rule of 7T,
5 =5
for any c€ Sn, n>1, and any t,...,t,t,....t, € TSV, i€ [n], such that t, = t,

cti bty = ottt

The TRS 7 defines the ARS (T-S'V,=), called T.

We use the previous notations and notions in the context of ARSs, here on the ARS of 7. For
instance, t+— t= is the future function of 7 and = is the convertibility relation of 7.

Similarly, we write that 7 satisfies a property P’ for the fact that the ARS of 7 satisfies P.
For instance, writing that 7 is confluent means that the ARS of 7 is confluent.
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6.2 Term rewrite systems / Rewrite mechanics

Example
In Assocs, by setting t:= m/mml23,m'4m'56), we have
Lt = Ot = Lt =
m’ m/ mml2,34,m’56;; m’ mm12)3,m’ im’456,; m’ m1m23;,m’4m’56y, .

Exercise oeooooo

Give a normalizing rewrite sequence in NatAdd starting from a(sz)siszj.

Exercise oeoooo

Draw the rewrite graph of the closed sub—-ARS of the ARS of Assoc generated by {mmmm12345}.

Exercise ooocoo

Let 7 := (S,V,—) be a TRS. Prove that for any S,V-term t, for any ¢ € t~ , Varst' C Varst. From
this property, prove that all S,V-terms of the future of any ground S,V-term are ground.
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|_ 6.2 Term rewrite systems / Rewrite mechanics

Let S be a signature and V be a set of variables.

Let t and t' be S,V-terms. If there exists a position w within t such that t =<, tw, then

(]t is a factor of t'. This property is denoted by t < t';

[] the word w is an occurrence of t into t'.

Examples

Let the Sy2,Vn-term

’
t .= C2V3\C3\C1V2HC2V3\C1C0J“C1V2H.

L] Let t:=cavicavavsvi. Since t is a prefix of t-2, t is a factor of t and 2 is an occurrence of
t into t'.

L] Let t:=caviva. Since t is a prefix of t' and of t-22, ¢ and 22 are two occurrences of t into t .

L] Let t:=covivi. There is no position w within t" such that t is a prefix of t.w. Therefore, t
is not a factor of t'.
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[_ 6.2 Term rewrite systems / Rewrite mechanics

Let S be a signature and V be a set of variables.

A holed S,V-term is an S,V U {O}-term t such that /o-t=1 and [J is a variable which does not belong

to V. The hole position of t is the position within t of its unique leaf decorated by [J.

For any holed §,V-term 5, any S,V-term t, and any S,V-substitution o, let

Asto =5 "\ 1oty

Proposition [Factors of §,V-terms]

Let S be a signature, V be a set of variables, t and t' be two S,V-terms, and w be a position
within t'. The two following assertions are equivalent:
1. w is an occurrence of { into t';
2. there exists a holed S,V-term s having w as hole position and an S,V-substitution o such
that t = Alsto,

Example

By considering the Sy2,V-terms t' and t of the previous first example, we have

f/ = & C2V3|:| -t-[{(vl, C1V2), (Vg, V3), (Vg, C1C0)}].
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6.2 Term rewrite systems / Rewrite mechanics

Exercise ooooo

Let the Sy2,Vy-term t’ = C3C2V1V2 V2 C2(C1V3/Co - Give examples of Syz2,Vn-terms t such that t are

factors of t' of constant lengths n for all n € [5].

Exercise ooooo

Let S be a signature and V be a set of variables. For any S,V-terms t and t', show that t <,

implies t <¢t'. Show that the converse of this property is false.

Exercise oeooooo

Show that the set of factors of an Sy2,Vy-term is infinite.

Exercise oeoooo

For any signature S and any labeled S-term t', prove that the set of planar labeled S-signature

terms ¢ such that t is a factor of ¢ is finite.
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|_ 6.2 Term rewrite systems / Rewrite mechanics —l

Proposition [Rewrite relation of a TRS]

Let 7 :=(S,V,—) be a TRS. The rewrite relation = of 7 is characterized by the fact that

&&t-a = A-si’-a
where
1. s is a holed S,V-term;
2. t and t' are two S,V-terms such that t— t';

3. o is an S,V-substitution.

Let us consider the notations used in the statement of the previous proposition.

The hole position w of s is the rewrite position of the one-step rewrite from Asto to Ast.o in
7. Note that this position w is also a position within Asto and Ast.o.

This property is written as Asto =w Ast .o,

The binary relation =, on T-S'V is the one-step root rewrite relation of T.
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Example

In NatAdd, we have
a,az 882181 = a,saz82),81)
because

a,az8182);181) = Aul]@y alis2y[z,s2] = A-al]@y s1al2)[z, sz] = a,saziszy,1s1).

Example

In Eq, we have
eetd)etd) =t

because
eetdietd = A-Oelly[etd] = AOt[et3] =t.
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[_ 6.2 Term rewrite systems / Rewrite mechanics

Let TRS 7 :=(S,V,—) be a TRS.

Given t,t' € TS5V such that t=-t', there can exist different positions w; and ws within t such that
w1 7é’w2, t:>w1 t/, and t:>w2 t.

Example

Let the TRS 7T := (SNz,VN,*)) such that coCoviva vz — Covive and C2CoViVa V3 — C3ViVaVs.

We have C2,C2(CoViVa V3 V3 = C2|C2V1Vo V3 and Cg,C2C2V1V2|V3 V3 =1 C2/C2ViVa V3.

In order to keep track of these multiplicities, let f.. -t be the K,T-§-V-series, where K is any
field, defined by

foti= ) Y [t=,t]t

weP-t Ye€T-SV

Example

By considering the TRS 7 of the previous example, we have

f:'CQ C2/C2V1V2 V3 V3 = 2C2‘C2V1V2‘V3 + C3|C2V1V2|V3V3 4+ C2/C3V1VaV3 V3.
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6.2 Term rewrite systems / Rewrite mechanics

Proposition [Compatibilities between rewrite relations and substitutions]

Let 7 :=(S,V,—) be a TRS, t and t' be two S,V-terms, and o and o’ be two S,V-substitutions.
1. If t=1t, then ot=0t.
2. For any holed S,V-term 5, if t=1t, then s gt=s5. g t.
3. For any S,V-term s and any v € V, if t=1, then s N, t =" 5., t'.
4. If, for all v € Varst, o-w = o’-v, then -t =" o'-t.

Exercise ooooo

Define a TRS 7 := (Sy2,Vwn,—) and provide a nontrivial example for each property 1., 2., 3., and 4.
of the previous proposition.

Exercise eoooo

Build an example of a ‘‘TRS’’ 7 := (Sy2,Vn,—) such that 7 does not satisfy 1. and such that 7
does not satisfy Property 1. of the previous proposition.
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Termination

7.1. Normal forms and pattern avoidance
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[_ 7.1 Termination / Normal forms and pattern avoidance

Let S be a signature and V be a set of variables.
Let t and t' be S,V-terms. When t is not a factor of t/, t awoids t.

By extension, for any set X of S,V-terms, an S,V-term t' avoids X if for any t€ X, t avoids t.

Examples

On the signature Sy2 and the set of variables Vy, let X := {cavivi, C2|CaViVa Vs, C3V1CaVaVsVa}.
The Sy2,Vy-term
[l coic3viVavyCovavs, avoids X ;
C2C3V1VaV3C3V1VaVvy, does not avoid X;

O
L] cg|cavivavs C3Vvivave, avoids X;
O

C2V1\C2\C3V1 Va2V3V1i V2HC3V1V1 CaVaVy jy avoids X.

Exercise ooooo

On the signature Sy2 and the set of variables Vuy, let X := {cpvi...vi:n € N}. Give an example of
a Sy2,Vn-term of constant length 7 avoiding the set X and an example of a Sy2,Vy-term of constant
length 5 which does not avoid X.
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|_ 7.1 Termination / Normal forms and pattern avoidance —l

Given a TRS 7, let L-7 be the set of left-hand sides of rewrite rules of 7.

Theorem [Normal forms and avoidance]

Let 7 :=(S,V,—) be a TRS. The set of normal forms of 7 is the set of &,V-terms avoiding L-7 .

Proof. Let t be an §,V-term. The property for t to be a normal form is equivalent to the fact that
there is no S,V-term t' such that t=t. By Propositions [Factors of S,V-terms] and [Rewrite
relation of a TRS], this is equivalent to the fact that t has no factor s such that s is the
left-hand side of a rewrite rule of 7. This property is finally equivalent to the fact that t
avoids L-7.

Examples

The normal forms of the TRS Assoc avoid {mml123}.

The normal forms of the TRS Assocy avoid {mml2j3, m/1m’23}.
The normal forms of the TRS Eq avoid {ell}.

the normal forms of the TRS NatAdd avoid {alz, alis2}.

o000
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Let us consider the following combinatorial problem consisting of the following steps:

consider a signature S, a set of variables V and a set X of §,V-terms;

define Y as the set of S§,V-terms avoiding X;

let Y’ be the subset of Y of S,V-terms satisfying some property (like being ground, linear,
or having variables in a finite subset V' of V);

consider a rank function rk (like ¢, (.., or ly..) so that G:= (Y’ ,rk) is combinatorial;

describe the integer sequence of §.

Let us consider the enumeration of graded sets § of planar labeled Sy2-terms where rank function is
lyvar and avoiding some sets X of labeled Sy2-terms:
if X = {cz,o c2,012 3, C2’0\C2,112J3, C211\C27(]12J37 C2’1\C2’112J3}, then the integer sequence of § starts
by 1, 2, 4, 8, 16, 32, 64, 128 (powers of 2, A000079);
if X = {cc2123, coc3123/4, c3c212/34, c3c3123/45}, then the integer sequence of § starts by 1,
1, 2, 4, 9, 21, 51, 127 (Motzkin numbers, A001006);
if X = {CQ,[)\CQ,()12J3, C241\C2,(]12J37 C2,11\C27023J, C2111C2712 C2,134 }, then the integer sequence of g
starts by 1, 2, 5, 13, 35, 96, 267, 750 (directed animals, A005773).
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[_ 7.1 Termination / Normal forms and pattern avoidance _]

There are some known results for avoidance of sets of

O binary trees [E. S. Rowland, Pattern avoidance in binary trees, 2010];
O ternary trees [N. Gabriel, K. Peske, L. Pudwell, S. Tay, Pattern avoidance in ternary trees, 2012];

[] planar labeled S-terms of constant length 2 [S. F. Parker, The combinatorics of functional composition and

inversion, 1993], [J.-L. Loday, Inversion of integral series enumerating planar trees, 2005];

[] planar labeled S-terms [A. Khoroshkin and D. Piontkovski, On generating series of finitely presented operads,

2015], [S. Giraudo, Tree series and pattern avoidance in syntax trees, 2020].

Term series and their grafting operations are powerful tools to describe the characteristic series
of such §,V-terms.

Exercise ooooo

Given a signature S, a set of variables V, and a set of S,V-terms X, provide a systems of

equations for the characteristic series of the S,V-terms avoiding X .

The main difficulty of this research question comes from the avoidance of §,V-terms which are not
linear.
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7.1 Termination / Normal forms and pattern avoidance

Exercise oeooooo

Let N be the set of variables N\ {0} and, for any m € N, §,, be the sub-graded set of Sy
consisting of {cz;:i € [m]}.
For any m € N, let the TRS FCat,, := (Sm, N, —) such that —,, satisfies
C2,i45Ci123 —m c2,i1 2,523,
for any i,j € [m] with i+ j € [m].

Describe a system of equations in K((%-S,,-N)) for the planar normal forms of FCat,,, m € N.

Exercise ooooo

Let N be the set of variables N\ {0} and S be the sub-graded set of Sy consisting of
{c2,0,c2,1,C22}.
Let the TRS Schr:= (S, N,—) such that — satisfies

€2,0€2,0123 — c2,01€2,023,, €2,1C2,2123 — 221 €2,123), €2,0€2,1123 — €201 /2,223, €2,1C2,012.3 — 2,01 2,123,

C2.0 C2’212 3 — C2,21\C2,023J, C271\C2’112J3 — C2,11\C2,023J, C2’2\C27012J3 — C2,21 C2,223 .

Describe a system of equations in K((¥-S-N)) for the planar normal forms of Schr.
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Let A:=(X,=) be an ARS.

A binary relation ~- is a of A if the ARS A’ :=(X,~>) is terminating and A is
a sub-ARS of A’.

An ARS A is terminating iff A admits a termination witness.

Proof. Let us denote by = the rewrite relation of A.
Assume that A is terminating. In this case, = is trivially a termination witness of A.

Conversely, assume that A admits a termination witness ~». Assume that (u;),.y is an infinite
rewrite sequence in A. For any ¢ €N, wu; = u;3+;. Since, by hypothesis, A is a sub-ARS of

A= (X,~), we have = C~» so that, for any i € N, w; ~» u;y;. This shows that (u;),. is also an
infinite rewrite sequence in .A’. This contradicts our hypothesis that A’ is terminating, showing
that such an infinite rewrite sequence (u;),. in A does not exist. Therefore, A is terminating.
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[_ 7.2 Termination / Reduction relations

Let S be a signature, V be a set of variables, and ~-» be a binary relation on T-S-V.
The binary relation ~» is compatible from factors if ~~ satisfies the two following properties:
1. for any ceSn, neN, ien], t1,...,4,t,...,t, € TSV,
t; ~t, implies ctp...t...t, ettty
2. for any t,t' € TS5V and any S,V-substitution o,

t~t implies Tt~ ot.

Proposition [Compatibility from factors]

Let S be a signature and V be a set of variables. A binary relation ~» on %-S-V is compatible from
factors iff for any holed S,V-term s, any S,V-terms t and t', and any S,V-substitution o,

t~t implies A-si-a ~ At o

Definition

Let S be a signature and V be a set of variables. A binary relation ~» on T-S-V is a reduction

relation on T-S-V if the ARS (T-S-V,~-) is terminating and ~» is compatible from factors.
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[_ 7.2 Termination / Reduction relations

Let S§ be a signature and V be a set of variables.

The length relation is the binary relation ~+y on ¥-S'V defined, for any S,V-terms t and t', by
t~spt if (-t > (-t and, for any veV, l,t=>/l,t

Examples

On Sy2,Vy-terms, we have
[] t:= Co|CaVaV1V1V1 Vs ~p C3C2V1V1CoCo := t' because (t=T7>6=1/»t, L, t=3>2=1{,1,
byt =120=/l,, and by t=130=0ly-t.
[l By setting t:=csvivavs and t := covovs, we have t->7t’ and t' —7t.

Proposition [Length reduction relation]

For any signature S and any set of variables V, ~-; is a reduction relation on T-S-V.

Exercise oeoooo

Prove the previous proposition.
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Let 7 :=(S,V,—) be a TRS.

A binary relation ~» on T-S'V is T if - C~.

A TRS 7 is terminating iff there exists a 7 -compatible reduction relation.

Proof. Let S§ be the underlying signature of 7, V the underlying set of variables of 7, and — be
the elementary rewrite relation of 7.

Assume that 7 is terminating. By Propositions [Rewrite relation of a TRS] and [Compatibility from
factors], = is compatible from factors. Moreover, = is trivially 7 -compatible. Since by
hypothesis, the ARS (¥-S'V,=) is terminating, = is a 7 -compatible reduction relation.

Assume that ~» is a 7T -compatible reduction relation on T-S-V. Since ~» is a reduction relation,
the ARS A :=(T-S§'V,~) is terminating. Moreover, assume that v and v/ are two S,V-terms such that
v=1'. By Proposition [Rewrite relation of a TRS], there is a holed S,V-term s, two S,V-terms t
and t, and an S,V-substitution o such that t —»t, v=/Asto, and v = A5t .c. From this, and since
~» is T-compatible, we have t~->t. Now, since ~» is compatible from factors, by Proposition
[Compatibility from factors], the previous properties imply t~>t/. This shows that the ARS of 7T is
a sub-ARS of A. By Proposition [Termination witnesses], the desired property holds.
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In order to prove that a TRS 7 :=(S,V,—) is terminating, the consists in

constructing a binary relation ~» on T-S-V;
showing that the ARS (T-S-V,~») is terminating;
showing that ~~ is compatible from factors;

showing that ~-» is 7 -compatible.
By Theorem [Compatible reduction relations and termination], we obtain the desired property.

In practice, it is difficult to guess such a binary relation ~~ which will satisfy the three
required properties.
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7.2 Termination / Reduction relations

Example

Let us show that the TRS Assoc is terminating by using the reduction relation method.

Let S (resp. V) be the underlying signature (resp. set of variables) of Assoc.

1.

Let for any v € V the function lc defined for any S,V-term t by

lcv't = Z [W[t_’u)jl — ’U] 2@1'111.
weP-t

For instance, lcl-\m mml2;mml3l Jm”L22JJ =84+8+1=17.

L
Let ~» be the binary relation on T-S'V such that, for any S,V-terms t and t', t~t if for all
v EV, lcy-t >1c,-t' and there exists v € V such that lc,-t > lc,-t.

Let the function 6 :=t+— ZUGV lc,t. For any S,V-terms t and t' such that t~t', 0-t> 0-t.
Since the codomain of ¢ is N, the ARS (T-S-V,~-) is terminating.

The compatibility from factors is straightforward (but technical): Properties 1. and 2.

can be proven directly.
Let t:=mml23 and t' := m1m23,. Since (lci-t,lea-t,les-t) = (4,2,1) and (log-t', leo-t' legt') = (2,2, 1),
t~t'. Therefore, ~ is Assoc-compatible.
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7.3 Termination / Semantic method

Definition

An S-algebra is a triple (X,S,op) where
[1 S is a signature, called the underlying signature;
[l X is a nonempty set, called the underlying set;

[l op is a function such that for any c € S'n, n €N, op-c is an n-operation on X.

Examples

Let the signature S := ({z,s,a},ar) such that arz=0, ars =1, and ara = 2.
[] By setting op-z:=0, op's:=n+— 1+n, and op-a:=mni — na — ni +nz, the triple (N,S,0p) is an
S-algebra.
[] By setting op-z:=0, op's:=S5S+—2Z\S, and op-a:= 51 — Sy +— S1 NSy, the triple (P-Z,S,0p) is
an S-algebra.
[l By setting op-z:=1, op's:=br 1—0>, and op-a:=by — by — by X ba, the triple ({0,1},S,0p) is an
S-algebra.
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|_ 7.3 Termination / Semantic method

Let V be a set of variables and X be a nonempty set.

AV, X-assignment is a function a:V — X.

Given a signature S, an S-algebra A:=(X,S,0p), and a V, X-assignment «, the A, a-cvaluation

eVt of an §,V-term t is defined recursively by

a-v if t=wv for a vevV,

evyati=
op-cevaaty -t €VAaty otherwise, where t=ct;...t,,c€ Sn,neNt,....t, € TSV.

Example
Let us consider the first S-algebra A of the previous example.
Let « be the Vy,N-assignment o defined by a-vi:=3, avz:=1, and av; :=0, ¢ >3. We have
eVA7a-\sasv1 aSISZ)V2 T 1+H1+3J+H1+\1+0H+1” = 8.
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|_ 7.3 Termination / Semantic method —l

Let S be a signature, V be a set of variables, A:=(X,S,op) be an S-algebra, and R be a binary
relation on X.

The relation induced by R is the binary relation ~»4 % on T-S-V such that, for any S,V-terms t and
t', t~anrt holds if evy,t R eva,t for all V, X-assignments «.

Examples

Let us consider the S-algebra A of the previous example.
Let > be the usual ‘‘greater-than’’ relation on N.
Ll We have
avi|SV2; ~*A> QV1Va.
Indeed, for any Vy,N assignment «, we have

eV A o aV1|SV2) = |Q-V1| + |Q-V2) + 1> [0Vl + (Ve = €V4 o |aV1V2).

(] By setting t:=avive and t' := svi, we have neither t~+4 >t nor t ~a- t.
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[_ 7.3 Termination / Semantic method

Let S be a signature, A:=(X,S,0p) be an S-algebra, and R be a binary relation on X.

The S-algebra A is R-monotone if for any c€ Sn, ne€N, i€ [n], and xy,...,2,,2,,...,2, € X,
szx; lmplles op-C:Ty1: «++ Ti* *++ Ty, R op-cTy - x; SRR
Example

Let us consider the S-algebra A and the binary relation > of the previous example. We immediately

have that A is >-monotone.

Theorem [Reduction relations from S-algebras]

Let S be a signature, A := (X,S,0op) be an S-algebra, and R be a binary relation on X. If the ARS

(X,R) is terminating and A is R-monotone, then ~>4 1 is a reduction relation.

This result is due to [Z. Manna, S. Ness, On the termination of Markov algorithms, 1970].
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Proof (of Theorem [Reduction relations from S-algebras]). Since X is nonempty, pick x € X and let
« be the V, X-assignment defined by «-v:=x for any v € V. Let (u’i)ieN be an infinite rewrite
sequence in (T-S-V,~» 4 ). Hence, for any i € N, wu; ~» 4 r uj+1, so that, by definition of ~»4 g, for
any i €N, evau; R evaauipr. Therefore, (eva,u;),. is an infinite rewrite sequence in (X,R).
Since (X,R) is terminating, such an infinite rewrite sequence (“‘i)ieN cannot exists in (T-S-V,~4r).
Hence, this ARS is terminating.

Let ceSn, neN, i€n|, and t1,....t,t, ..., t, € TSV such that t; ~ 4 t,. By definition of ~4g,
for any V,X-assignment o, evat; R eva,-t;. Since A is R-monotone, by setting s:=cty- -+ ;- -+ -t,
and & :=cty- --- -tj- .-+ t,, we have 5~y 5 because

eV.A.O('E — Op'c'\eV.A,a'tlJ' e '\eV.A,Dt.t’L'J' e .\eVA.’a.th R Op.c'\eV.A.,Ct'tlJ' e '\eVA,a't;;J' e '\eV.A.O('th — eVA,a'5/~

Given a V, X-assignment « and an S,V-substitution o, let oo be the V, X-assignment defined, for
any v € V, by @oojv:i=evyow. It follows, by structural induction on an S,V-term t that

eV A0t =evyaost. Now, let t, t' € T8V such that t~aAr t'. From this last assumption, for any
S,V-substitution o, by setting s:=7-t and §' :=37-t, we have s ~»4 r &' because

eVAa'S =€VAaost R CVA7(,O(7~f/ = CVA_’(X'E/.
This shows that ~-» 4 is compatible from factors and implies the statement of the theorem.
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In order to prove that a TRS 7 :=(S,V,—) is terminating, the consists in

constructing an S-algebra (X,S,op);
constructing a binary relation R on X;
showing that the ARS (X,R) is terminating;
showing that A is R-monotone;

showing that ~» 4 is 7 -compatible.

By Theorem [Reduction relations from S-algebras], and Theorem [Compatible reduction relations and
termination], we obtain the desired property.

In practice, it is difficult to guess such an S-algebra A and such a binary relation R which will
satisfy the three required properties.
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7.3 Termination / Semantic method

Example

Let 7 :=(S,Vn,—) be the TRS such that S:= ({z,s, f},ar) where ar-z =0, ar-s=1, and ar-f =1, and
fisviy — f,fvi,. Let us show that 7 is terminating by using the semantic method.

1.

g s W N

Let the S-algebra A := (NQ,S,op) such that op-z := (0,0), op-s:= (ni,n2) — (n1 +1,n2), and
op-f = (ni,n2) — (ni,n2 +1).

Let the binary relation R on N? defined by (i1,i2) R (i},i5) if i1 > i}, or i1 =) and iz > i}.
It is immediate that (NQ,R) is terminating.

It is immediate that A is R-monotone.

For any VN,N2—assign.ment « such that avi = (i1,72), we have

eva,a fi8viy = op:f-op-s-a:vi), = op-f-op-s-(i1,i2), = op-f-(i1 + 1,42) = (i1 + 1,42 + 1)

eva,a- fifvay = op-f-0p-faviy = op-f-op-f-(i1,92), = op- f- (41,42 + 1) = (41,92 + 2).

Therefore, as (i1 + 1,92 + 1) R (41,72 + 2), we have fisvi,~ar f,fvi,. This shows that ~>4 r is
T -compatible.
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7.4 Termination / Polynomial interpretations

Let X be the set of variables {x;:7 € N\ {0}} and X, be the subset {xi,...,x,} of X for any n € N.

Definition

Let S be a signature. An S-polynomial interpretation is an S-algebra (N,S,op) where
[] N is a subset of N\ {0};
[l for any c€ S'n, n €N, the function op-c is functionally equivalent to a function
X1 > -+ Xp > fc such that f. is a K, Mon-X,,-polynomial where coefficients belong to N.

Example

Let the signature S := ({z,s,a},ar) where ar-z =0, ars =1, and ara=2.

The triple (N,S,op) where op-z:= 10, op-s:=mn; — nj, op-a:=mn; — n2 — 3n1 + 2, and

N :={2n:n €N\ {0}} is an S-polynomial interpretation.

Indeed, op-z is functionally equivalent to the constant function 10, op-s is functionally equivalent

to the function x; — xi, and op-a is functionally equivalent to the function Xx; — x2 — 3x1 + 2.

We have f. =10, fszxf, and f, = 3x1 + 2.
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Let V be a set of variables and Zy be the set of variables {z,:v € V}.

!

If f is a K,Mon-X,,-polynomial, n € N, and f{...f/ is a sequence of K,Mon-Zy-polynomials, let
f(fl,..., fl) be the K, Mon-Zy-polynomial obtained by substituting by f/ each occurrence of a variable
x; in f, for all i€ [n].

Let S be a signature and (N,S,op) be an S-polynomial interpretation.

Given an S,V-term t, the polynomial of t is the K, Mon-Zy-polynomial defined recursively by

Pol.t Z, if t=v for a v eV,
o. ::
fe(Pol-ty,...,Pol-t,) otherwise, where t=ct;...t,,c€ Sn,neNt;,...,t, € TS V.

Example

Let S be the sub-graded set of Sy2 whose underlying set is {cp,c2,c3} and the S-polynomial
interpretation (N,S,op) such that N := N\ {0}, op-co:=2, op-Ca:=mny + n2 + ni +n2, and
Op-C3 1= N1 > N2 > N3 +—> NiNo +nanz. We have fo, =2, fo, = xf + X2, and fe; = X1X2 + X2X3.
Moreover,

Pol- c3\CcavavavaCavaVs Co; = fes (fes (2v15 2va, 21 ) feo (245, 205), feo)

2 2 2 2 2
= (22\,1 Zyy, Zyy + Zus, 2) = Prdon 7o (zV3 -+ sz) + 2(2\,3 4 sz) = 22,24, 2y + 22y, Zvy Zus + 2245 + 2245
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Let S be a signature and A:= (N,S,0p) be an S-polynomial interpretation.

When, for any ce€ Sn, n€N, i€ [n], there is a monomial xi'...x;’...x%" € Supp-f. such that ¢; > 1, A
is full.

Example

The polynomial interpretation of the first example of this part is not full. Besides, by
considering the signature S and the set N of this example, the triple (N,S,op) where opz := 1,

op-s:=mn1 + ni, and oOp-a :=ni — N2 — N1 + n% + 3nins is a full S—polynomial interpretation.

Proposition [Monotonicity of full polynomial interpretations]

Let S be a signature and A be an S-polynomial interpretation. If 4 is full, then A is >-monotone,

where > is the ‘¢

greater-than’’ relation on integers restricted to the underlying set of A.

Proof. Assume that A= (N,S,op). Let c€Sn, neN, i€ [n], and my,...,m;,m,,...,m, € N such that

m; >m). Since A is full, there is a monomial x|’ xfbxf," in the support of f. with e¢; > 1.

Since for all j € [n]\ {i}, m; #0, the inequality m; > m, implies m{'...m{ ...m& >mi ...m." ...mom.
Therefore, and since each coefficient of f, belongs to N, f.(mi,...,m4,....,my) > fe(ma,....m5 ... my)

so that op-cmy- -+ my- - My > Op-Ccmg - m; ----my. This shows the desired property.
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In order to prove that a TRS 7 :=(S,V,—) is terminating, the , due
to [D. Lankford, Canonical algebraic simplification in computational logic, 1975], consists in

constructing an S-polynomial interpretation A:= (N,S,op);

showing that A is full;

showing that for any rewrite rule (t,t') of 7, the K, Mon-Zy-polynomial Pol-t — Pol-t' is positive
for any evaluation on /V.

By Proposition [Monotonicity of full polynomial interpretations], Theorem [Reduction relation from
S-algebras], and Theorem [Compatible reduction relations and termination], we obtain the desired
property.

At Step , we must be careful in the choice of N so that for any<f€‘54u n €N, all evaluations of
fe on N belong to N.

Step amounts to show that for any rewrite rule (t,t') of 7 and any V,N-assignment «,

evyat> eV_A,a-’L/ .

Note that this decision problem is in general undecidable, as a consequence of the Hilbert’s Tenth
Problem.
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Example

Let us prove the termination of the TRS Assocy by the polynomial interpretation method.
Let S be the underlying signature of Assocs.

1. Let A:=(N,S,0p) be the S-polynomial interpretation such that N := N\ {0},
op-m = ny — no — 2n1 +ne, and op-m’ :=mni > ne — ny + 2na.

2. It is immediate that A is full.

3. We have
Pol-miml123, = 2(2z1 + z2) + z3 = 4z1 + 222 + z3
and

Pol-m1im23), = 2z1 + (222 + z3) = 221 + 222 + z3.
Since Pol-mml12,3; — Pol- m1m23; = 2z;, this K,Mon-Z(; 5 3;-polynomial is positive on N.

In the same way, we have Pol-m/1m’23) — Polm/im/12,3, = 2z3, so that the same property holds.
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Exercise ooooo

Let the signature S := ({f,m},ar) such that ar-f =1 and arm = 2.
Let the TRS 7 := (S,Vn,—) such that m fvi, fva, — fimviva; and mmvivavs — mvimvavs,.

By using the polynomial interpretation method, show that 7 is terminating.

Exercise ooooo

By using the polynomial interpretation method, show that the TRS NatAdd is terminating.

Exercise ooooo

Let V be the set of variables N\ {0} and S be the sub-graded set of Sy consisting of {cs,cs}.
Let the TRS Motz := (S,V,—) such that — satisfies
C2 C2123 —>C21C223, C3 C212 34—>C21C3234,
c2c3123/4 — c312c234), c3c312345 — c312(c345),

By using the polynomial interpretation method, show that Motz is terminating.

Exercise ooooo

By using the polynomial interpretation method, show that the TRS Schr is terminating.
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[_ 7.5 Termination / Syntactic method

Definition

Let S be a signature and V be a set of variables. A binary relation ~» on T-S-V is a
simplification relation if

[l ~ is acyclic;

[l ~» is compatible from factors;

[] for any S,V-term t and any position w € P-t\ {e}, t~ tw.

Theorem [Simplification relations and termination]

For any finite signature S and any finite set of variables V, if ~» is a simplification relation on
T-S-V, then the ARS (T-S'V,~») is terminating.

Theorem [Simplification relations and termination] implies that any simplification relation is a
reduction relation. The converse of this property is false.

Exercise oooo0o

Give an example of a finite signature S, of a finite set of variables V, and of a reduction

relation ~» on T-S-V such that ~-» is nonempty and ~» is not a simplification relation.
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Let §:=(C,ar) be a signature, V be a set of variables, and > be a binary relation on C.
An §,V,=-weight function is a function w:C' UV — Ry, such that

1. all variables of V are sent via w to the same nonnegative real number wy;
2. for all c€ S0, we>uwy;
3. for all ¢c€ 81, wc=0 implies that for any ¢ € C'\ {c}, c¢> .

The w-weight of a §,V-term t is the nonnegative real number

w-t:= Z W W-t-4).
i€ [0-t]

Example

underlying set of S satisfying c; > cg, €1 > C2, C1 > C4, and Cp > C2.

w:Cqg 1= 2.
We have
3 3 1

1
W+C4CoCo(C2VaVy C1Va :2—|—§—|—§—|—§—|—1+1+§+1=9.

Let the S,Vy, >~-weight function w defined by w-v:=1 for any v € Vy, w-co:= %, w-cy =0, wey:

Let S be the sub-graded set of SNz consisting of {c(),cl,cz,C4}. Let > be the binary relation on the

1
20
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7.5 Termination / Syntactic method

T

Let S be a signature, V be a set of variables, > be a binary relation on the underlying set of S,
and w be an S,V,--weight function.

The >,w-Knuth-Bendiz relation is the binary relation >§§’ on T-S'V defined recursively as follows.

assertions holds:

This result is due to [D. Knuth, P. Bendix, Simple Word Problems in Universal Algebras, 1970] and [N. Dershowitz,

U
g
U

[Weight Case] w-t> w-t';

For any S,V-terms t and t', we have t>;§) t' if for all v eV, /l,t>(,t' and one of the following

[Unary Case] wt=wt, t=cc...|cvj..., with c€ S1, veV, lot=n, n>1, and t =v;

[Precedence Case] w-t=w-t, t=citl...itny with c€Sn, neN, ! = t-1,...t'n) with ¢ € Sn/,

n’ €N, and c > ;

[Lexicographic Case] wit=wt, t=ctly...;tn, ' =ct’-1y...t"'ny with c€ Sn, ne€ N, and there is

i € [n] such that ti >y i and for any j € [i—1], tj=1t"j.

Proposition [Knuth-Bendix simplification relation]

For any signature &, any set of variables V, any binary relation > on S such that the ARS (S, >)

—-w

is terminating, and any S,V,--weight function w, the binary relation > is a simplification

relation on T-S-V.

Orderings for Term-Rewriting Systems, 1982].

L
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Examples

Let the signature S := ({z,s,s".a},ar) such that arz =0, ars =1, ars’ =1, and ar-a = 2.

Let > be the binary relation on the underlying set of S satisfying a>s, s>z, s’ =2, s = s, and
/
s = a.

Let w be the S§,V,~-weight function defined by wy :=1, w=z:=1, ws:=1, w-s' =0, and w-a = 2.
Let the S,Vy-term

t:= ajazvi| sava|Sz]

T Let t :=avive. We have t >’ t' by applying the Weight Case: we have /,t=1>1=1/,t,
lyyt=12>21=4,t, and wt=12>4=wt.
[l Let t' := saaszviazz),. We have t>;§’ t'" by applying the Precedence Case: we have
byyt=121=4,t, by, t=120="L,t, wt=12=wt, and a > s.
[l Let t' :=aazvissazz),. We have t>;’§ t'" by applying the Lexicographic Case: we have
lbyt=121=L,t, L, t=120=4{,t, wt=12=wt, t1=+t"1, and t1 > 5 t"1.
Moreover, by setting t := s’ ,s';s'vi,, and t' := vy, we have t >;]’§J t' by applying the Unary Case: /-t =
1>21=40,t, lt>1, and wt=0=wt.
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Example

Let 7 :=(S,{v},—) be the TRS such that S:= ({f,g},ar) where ar-f =1 and arg=1, and ggv,— fv and
fv, = gufvy-

Let > be the binary relation on the underlying set of S satisfying f > g¢.

Let w be the S,{v}, ~-weight function defined by w-wv:=1, w-f:=1, and w-g:=1.

It can be easily checked that ggv, >;]’§’ fv and fgv, >;§’ g.fv,- Therefore, 7 is terminating.

Example

Let 7 :=(S,V,—) be the TRS such that S:= ({s,a},ar) where ar-s =1 and ar-a =2, V:= {vi,va,vs,vs},
and a;Ssvi;avavs, — avi a,S;SVa vy and a;SVi; Ve aVviV4; — aV1,aVv3 avaVyay,.
Let > be the binary relation on the underlying set of S satisfying s > a.

Let w be the S,V,--weight function defined by w,:=1, w-s:=0, and w-a:=0.

It can be easily checked that qsvijavavs >;]’3“’ avi a,88vav3 and a SVi| V2 aV3V4 >;]’3w avi,avs avavy), .
CEe==1"" e e ==
Therefore, 7 is terminating.
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Let S§ be a signature, V be a set of variables, and > be a binary relation on the underlying set of

S.

The >-lexzicographic path relation is the binary relation >i’P on T-5-V defined recursively as
follows. For any S,V-terms t and t', we have t>EP t' if one of the following assertion holds:

[] [Subterm Case] t=ct-ly...tn) with c€ Sn, n €N, and there exists i € [n] such that ti=1 or
ti >t

!

= W1, . t'n) with ¢ € Sn/, n’ €N,

[] [Precedence Case] t=ct-1...tn) with ce Sn, neN, t
¢, and t>7, i’ for any i € [n'];

(] [Lexicographic Casel t=cit-1...itny, ¥ =cit'-1...t"ny with c€ Sn, neN, t>7, i for all i< [n],
and there is j € [n| such that tj >{, tj and for any j € [i—1], tj/ =t-j.

Proposition [Lexicographic path simplification relation]

For any signature S, any set of variables V, and any binary relation > on S such that the ARS

(S,>) is terminating, the binary relation >EP is a simplification relation on T-S-V.

This result is due to [S. Kamin, J.-J. Levy, Two Generalizations of the Recursive Path Ordering, 1980] .
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Examples

Let the signature S := ({z,s,a},ar) such that arz =0, ars =1, and ara=2.
Let > be the binary relation on the underlying set of S satisfying a > s and s > z.
Let the S,Vn-term t:= qsvi,azsv
[] Let t':=svy. We have t>LPt by applying recursively the Subterm Case: we have t22 =1t/
which implies t-2 > p t', which implies t> t.
[1 Let t' :=sz. We have t>{ t' by applying the Precedence Case: we have a s and t >, t'-1.

[1 Let t :=assvisve,. We have t>[,t by applying the Lexicographic Case: we have t>{ t'1,
t>7p 2, t1 =11, and t-2 >7, 2.

Example

Let Ack:= (S,V,—) be the TRS such that S := ({z,s,k},ar) with arz =0, ars=1, and ark =2,

V= {vi,va}, kzvi — svi, kisviz — kvisz), and kisvisve; — kv kisviyv

Let > be the binary relation on the underlying set of S satisfying k > s.

It can be easily checked that kzvi >EP svi, kisviz >EP kvisz;, and ksvisva >EP kvi kisvyv

Therefore, Ack is terminating.
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Exercise ooc

Let the TRS 7 := (S,V,—) such that S:= ({f,g,a},ar) with ar-f =1, arrg=1, and ara=2, V:={v},
and fgv; — ag fv,v.
Show that there exists a binary relation > on the underlying set of S such that >{, is a

simplification relation on T-S-V.

Exercise oeooco

Let the TRS 7 := (S,V,—) such that S := ({f,g,h},ar) with ar-f =1, arrg=1, and arrh=1, V:={v},
g.fv,— fihv), and hv — gv.

1. Show that the termination of 7 cannot be proven by the existence of a binary relation > on
the underlying set of S and an S,V,>-weight function w so that >;g" is a simplification
relation on T-S-V.

2. Show that the termination of 7 cannot be proven by the existence of a binary relation > on
the underlying set of S so that >EP is a simplification relation on T-S-V.

3. Show that the termination of 7 can be proven by using the polynomial interpretation method.
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8.1 Confluence / Unification

Let S be a signature and V be a set of variables.

Given two S,V-substitutions o and o,

o is more general (or less specific) than o' if there exists

an S,V-substitution o”

such that o/ =0"o0o0.

This property is denoted by o <, 0o

o' <z 0.

Examples
[] Let the Sy2,Vy-substitutions o := [{(vi,c1v3), (v2,c0)}] and o' :=
We have o <, o’ because [{(vs,cacovi)} oo =0".
[] Let the Sy2,Vn-substitutions o := [{(vi,co)}] and o' :=
[ Let the Sy2,Vy-substitutions o := [{(vi,caoviv3)}] and o' :=

[{(v1, c1cacovy), (v2, co), (v3, c2covi)}]

[{(v2,c1v3)}|. We have oo’ and o' sfo.

[{(vi,covavi)}]. We have o <, o' and

Proposition [Generality relation on &,V-substitutions]

Let § be a signature and V be a set of variables.
[l The binary relation <, is a preorder.
[l Let ¢ and ¢’ be two S,V-substitutions.

renaming S,V-substitution ¢” such that ¢’ =o¢" oo0.

We have o < o’ and o’ <g 0 iff there exists a
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Let § be a signature and V be a set of variables.

Let t and t' be S,V-terms. If there exists an S,V-substitution o such that 7.t =0o-t, then

the S,V-terms t and t are unifiable. This property is denoted by t~, t';

the S,V-substitution o is a unifier of t and t';

when for any unifier o' of t and t', 0 <, 0', o is a most general unifier (MGU) of t and t;

when o is an MGU of t and t', the S,V-term G-t=0t is a most general common instance (MGCI) of
t and t'.

Examples

Let the Sy2,Vn-terms t:= covicacovy, and t' := cacivavs.
(] Let the Syz,Vy-substitution oi := [{(v1,c1va), (v3,cacoCiva))}].
Since 71t = coC1VyCaCoC1Va), = o1-t, 01 is a unifier of t and t'.
Moreover, oi is an MGU of t and t, and coC1V2|C2CoiC1Va|, is an MGCI of t and t .
| Let the Sy2,Vwn-substitution o2 := [{(vi,cico), (va,co), (vs, cacocicoy) }] .
Since 75t = Co(C1Co|CaCo(CiCoy = 021, 02 is a unifier of t and t'.
Moreover, since o> = [{(v2,¢c0)}] 001, 02 is not an MGU of t and t'.
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Let & be a signature and V be a set of variables.
An S,V-substitution o is <dempotent if coo =o0.
Given an §,V-substitution o, the set of wariables of o is the set

Vars-o := U Vars-o-v.

veDom-o

Proposition [Idempotent &,V-substitutions]

Let S be a signature and V be a set of variables. An S,V-substitution o is idempotent iff the

sets Dom:oc and Vars-c are disjoint.

Theorem [Idempotent MGUs]

Let S be a signature, V be a set of variables, and t and t be two S,V-terms. If t and t' are

unifiable, then there exists an idempotent MGU of t and t'.
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Let & be a signature and V be a set of variables.

For any S € P-%-S:V/?, let Vars-S := U(t v)es Vars-tU Vars-t'. Moreover, for any S € P-£-S-V,> and any
S,V-substitution o, let 7.5 :={(c-t,7-t): (t,t') € S}.

Let the ARS Unificationsy := ({Fail} UP: ‘3:~S~V2,:>) such that

1.

D O W N

[Simplification] {(v,v)}US = S if veV;

[Decomposition] {(ct;...t,,ct]...t)}US = {(t,4),...,(t,,t,)}US;

[Orientation] {(t,v)}US = {(v,t)}US if t¢V and v € V;

[Variable elimination] {(v,t)}US = {(v,)}U[{(v,0)}]-S if v ¢ Vars-t and v € Vars-S;
[Recursive variable occurrence] {(v,t)} U S = Fail if t¢V and v € Vars+t;
[Constant clash] {(cty...t,,ct...t,,)}US = Fail if c#.

This ARS leads to the Martelli-Montanari unification Algorithm [A. Martelli, U. Montanari, Unification in

linear time and space: a structured presentation, 1976].
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Let S be a signature, V be a set of variables, and t and t' be two S,V-terms.

The ARS Unificationsy is used by computing a normal form of {(t,t')} and, when this normal form is a
set S, by considering the S,V-substitution [S] specified by S.

Example

Let the Sy2,Vn-terms t:= cavicacovyy and t' := coicivavz. In Unifications, , vy, »
{(t¢)} = {(v,c1v2), (cacov1,vs)} = {(v1,c1va), (vs,cacova)} = {(v1,c1v2), (v3, Cacoicrvay)} =: 0.

We can check that the Sy2,Vy-substitution o is an idempotent MGU of t and t'.

Example

Let the Sy2,Vn-terms t:= czvicavacoyv: and t := c3civavsve. In Unifications, , vy, »
{(t, t')} = {(v1, c1va), (cavaco,v3), (v1,v2)} = {(v1,c1v2), (cavaco, v3), (c1ve, v2)}
= {(Vl, C1V2)7 (C2V2C07 V3)7 (Vg, C1V2)} = Fail.

We can check that t and t are not unifiable.
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Due to the following results, the ARS Unificationsy, where S is any signature and V is any set of
variables, computes exactly what it is designed to compute.

Theorem [Termination of Unificationgsy]

For any signature S and set of variables V, the ARS Unifications,y is terminating.

Exercise oeooocoo

Show that Unifications,y is not confluent, where S is a signature and V is a set of variables.

Proposition [Computation of Unificationsy]

Let S be a signature, V be a set of variables, t,t' € TSV, and S := {(t,t')}.
[l If t~,t, then any normal form of S in Unificationsy is a set S’ such that [S'] is an
idempotent MGU of t and t'.

[l Otherwise, the unique normal form of S in Unifications,y is Fail.
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Exercise ooooo

By using the ARS Unifications , v, , compute a normal form of {(t,t')} where

N2
1. t:=c3v1CaCoViCiVa, and t := c3/C1VaVaVvya;

2. t:=covicive, and t = Ca\CaV3Va Vi .

Exercise ooocoo

Describe the relation between the ARSs Matchingg, and Unificationsy where S is a signature and V is

a set of variables.

Exercise oeooco

Let S be a signature and V be a set of variables. Let t and t' be two S,V-terms such that t ~, t.

Show that an MGCI of t and t' is a supremum of t and t' for the preorder <p.
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Confluence

8.2. O0Overlaps and critical data
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Let S be a signature and V be a set of variables.

Let v be a §,V-term admitting the two decompositions
A'Sl'fl'(fl =t = A'SQ'{Q'O’Q
where s, and s, are holed S,V-terms, t; and t; are S,V-terms, and o; and o, are S,V-substitutions.

Let w; (resp. ws) be the hole position of s; (resp. s2). Without loss of generality, let us

consider that /-w; < lws.

We distinguish the following disjoint and exhaustive three cases:
[Horizontal disjunction] This occurs when w; is not a prefix of wsy;

[Vertical disjunction] This occurs when w; is a prefix of ws, and, by setting u as the word
over positive integers such that ws; = w;.u, u is not the position of an internal node of t;

[Overlap] This occurs when w; is a prefix of wsy, and, by setting u as the word over positive

integers such that wy = w;.u, uw is the position of an internal node of t;.
Note that when w; = wy, we are in the Vertical disjunction Case if t; is a variable and in the

Overlap Case otherwise.
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Let 7 :=(S,V,—) be a TRS.

Let vt be an S,V-term, and w; and ws be two positions within v such that (-w; < l-wse, v =, U3, and
t =, Uo where u; and uy, are two S&,V-terms. By Proposition [Rewrite relation of a TRS],

t:A'ﬁl’tl’Ul = w; A~5l~t’l~01:u1

and
Tt = A'ﬁQ'tQ'O’Q = ws A'ﬁQ't;'O’Q = Uy

where s; and s, are holed S,V-terms, t, t}, t2, and t, are S,V-terms such that t; — t| and t; — t),

and o0; and o0, are S,V-substitutions.

Let us understand what happens in each of the three previous cases.
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Let us consider the previous notations and definitioms.
In the Horizontal disjunction Case, w; is not a prefix of ws.

Therefore, by considering that [J; and [y are two variables which do not belong to V, we have
v =s[{(01,01t1), ((2,02-t2) }]

where s is an S,V U {[J;,[s}-term having exactly one occurrence of [J; and exactly one occurrence of
[, at respective positions w; and ws.
We have

U] =, U
and

Uy =g, U
where u is the S,V-term defined by

u:=s[{(01,711), (O2,55-1) }].
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8.2

Let us consider the previous notations and definitioms.

In the Vertical disjunction Case, w; is a prefix of wy, and, by writing wo = w;i.u, u is not the
position of an internal node of t;.

There exist v € V and two words wup and p such that w = wug.p, ug € P-t;, and t;-ug =wv.

Moreover, there exist a holed §,V-term q and an §,V-substitution p such that
010 =Aqtyp =, A.qtyp.
Let 7 be the S,V-substitution defined by 7-v:= A\.q.t)-p, and 70/ := o,/ for any v/ € V\ {v}.

Let n:=/{,t (resp. n' :=/(,t) and {ug,...,u,_1} (resp. {uf],...,’u;_l}) be the set of positions of the
variable v in t; (resp. t]). We have

U :>w1.u6.p :>w1.u/n,71.p u
and
U = piauep °° 0 Pwistin_1ep A-sl-tl-T =w, U
where u is the S,V-term defined by
U= Aﬁyf’lﬂ'.
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Let us consider the previous notations and definitioms.

In the Overlap Case, w; is a prefix of wy, and, by writing ws = w;.u, u is the position of an
internal node of t;.

In this case, there is no generic way to exhibit an §,V-term u such that u; =* u and uy =" u.
Let 7 :=(S,V,—) be a TRS.
We shall describe a necessary and sufficient condition for the fact that 7 is locally confluent.

When 7 is terminating and — is finite, this condition leads to an algorithm to decide local
confluence of 7.
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|_ 8.2 Confluence / Overlaps and critical data

Let S be a signature and V be a set of variables.

Let t and t' be S,V-terms such that Vars-tN Varst' = (). If there exists a position w within ' such
that t-u is not a leaf, and t-u and t are unifiable, then

O t overlaps t;
(] w is the overlapping position of t in t’;

[] if 0 is an MGU of tu and t, then &t is the fusion of t at position w into t'.

Examples

Let the SNz,VN—terms t/ = C2,0,C2,1V1,C2,1V2V3 V4 and t:= C2,1,C2,0V5V6,C2,1V7V8,| .

{1 The Sy2,Vn-term t overlaps t' at position w:=1.
The fusion of t at position = into t is C2,0\C2,1 C2,0V5V6,,C2,1V7V8 JV4.

(] The Sy2,Vn-term t overlaps t' at position w := 12.

The fusion of { at position u into ' is C2. C2.1V1 C2.1,C2.0V5V6,C2.1V7Vs, V4.
P 2,0 62,1V1,€2,1/C2,0V5V5),C2,1V7Vs ) V4

I_ Samuele Giraudo 222 / 334 INF889K



[_ 8.2 Confluence / Overlaps and critical data _]

For any set of variables V and any k € N, set V(*) as the set of variables {v(k) JONS V}. We
identify V() with V. When k>1, V) is a distinct copy of V. Let also C-V:= UkeNV(k).

Example

Let the set of variables V := {vi,va}. We have C.V = {VEO) = vl,vgo) = Vs vgl) gl),vf),vgz),v?),vg), . }

Let S be a signature. For any S,C-V-term t, the shift of t is the S,C-V-term shift-t: =7t where o is
any S,C-V-substitution satisfying o-0(*) = v(*%) for any v € C.V.

Example

By considering the previous set of variables V, shift-asjaivi \agvg )vé> = aglalvg >H32V§4)V(2)

The disjunction of a pair (t,t') of S,C:V-terms is the pair (t,t'°) where t'°:= shift’-t' and ¢ is the
smallest natural number such that all superscripts of the variables of t are smaller than all
superscripts of the variables of t'°.

Example

The disjunction of the pair (azvlv(2 ),agvgl)va( )) is (azvlvé) (5) (4) (9))
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For any TRS 7 :=(S,V,—), let the TRS C.7 :=(S,C-V,—) where this second occurrence of — is the
elementary rewrite relation of 7 extended to the set T-S§:C:V|,. In this way, the rewrite relation
= of C-T is the rewrite relation of 7 extended to T-5-C-V|.

Let 7 :=(S,V,—) be a TRS. Let ri := (t;,t]) and ro := (t2,t;) be two rewrite rules of C-7 such that t3
overlaps t; at an overlapping position w, where (ti,t3) is the disjunction of (ti,t2).

A of 7 is a triple (r1,u,r2) such that 71 # 72 or u #e.

The associated with the critical data (r1,u,72) of 7 is the fusion of t3 at
position w into t;. This critical term is an S,C-V-term.

The associated with the critical data (71,u,72) of 7 is the pair (si,52) of
S,C-V-terms such that, by denoting by t the critical term associated with (ri,u,r2), 51 is
obtained by a one-step rewrite at root from t by using r; in C-7, and s> is obtained by a
one-step rewrite at position w from t by using 72 in C.T.
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8.2 Confluence / Overlaps and critical data

Example

Let the TRS 7 := (Sy2,Vn,—) such that
71 := C2,0,C2,1V1,C2,1V2V3 V4 —> C3V1V2V3
and

T2 1= C2,1,C2,0V1V2,C2,1V3V4, —> C1V1.

The triple (ri,1,72) is a critical data of 7.
[l The Sy2,C-Vy-term

A N )

C2,1/C2,0V; "V5 " C2,1V3 "Vy | V4

is the critical term associated with this critical data.

[l The critical pair associated with this critical data is

@ 1, @) @) (1) (1)
3C2,0V1 Vo " V3 "Vy ,C2.0 C1V1 V4 |.
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8.2

A critical data (rq,u,r3) of a TRS 7T is if 51 and s, are joinable in C-7, where (si,57) is
the critical pair associated with (71, u,72).

A TRS 7 :=(S,V,—) is locally confluent iff all critical data of 7 are joinable.

This leads to the following algorithm to prove that a TRS 7 having a finite elementary rewrite
relation is confluent:

Prove that 7 is terminating (for instance, by one of the methods seen in the previous
chapter) .
List all critical data of 7.

For each critical pair (s;,62) of these critical data, compute the future of s; and so in C-T
and exhibit a common element.

By Theorems [Newman’s Lemma] and [Critical pairs and local confluence], these steps show the
confluence of 7.

The fact that the elementary rewrite relation of 7 is finite implies that 7 admits finitely many
critical data. Moreover, Step implies that the computation of the future of any elements of a
critical pair ends. Therefore, the previous steps form an algorithm.
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8.2 Confluence / Overlaps and critical data

Example

Let DA :=(S,N,—) be the TRS such that S is the signature containing two binary constants « and b,

and — is defined through the four rewrite rules

[ r = aal23 — alia23; [ rs :=blwa23) — bbl2)3;
[ ro :=bal23 — alh23;; L] 7y := b1 b2b34), — ab11b23)4 .

This TRS is introduced in [S. Giraudo, Combinatorial operads from monoids, 2015].
We assume that we have proven that DA is terminating.

This TRS contains the following critical data: (ri,1,71), (r2,1,71), (r2,6,73), (r2,€6,74), (73,2,71),
(rs,e,m2), (ra,e,r2), (ra,2,72), (ra,22,r2), (ra,22,r3), (ra,2,74), and (r4,22,74).

The critical data (r4,2,74) has bllbl(l)\bQ(l) b3 4 , as critical term and is joinable since

51510 02 p3 W40, = qp151 M2 p3M 4N = g

and
51,51V 20 534D = b1 ap1 M p2M3M, 40 = 11D p2V3W 4D = bap1pl V2D, 3 4D = 5.

Exercise ooooo

Show that all other critical data of DA are joinable.
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8.2 Confluence / Overlaps and critical data

Exercise oocooo

Let 7 := (S,N,—) be the TRS such that S is the signature containing two unary constants f and g,
and — is defined through the two rewrite rules f g f1, — 1 and fgl, — ¢ f1,. List all critical data
of T.

Exercise ooooo

Let 7 :=(S,N,—) be the TRS such that S is the signature containing a nullary constant u, a unary
constant %, and a binary constant m, and — is defined through the three rewrite rules mul — 1,
myelil — u, mml23 — mlm?23.

1. List all critical data of 7.

2. Show that there are some critical data of 7 which are not joinable.

Exercise ooooo

Let 7 := (S,N,—) be the TRS such that S is the signature containing a nullary constant e and two
binary constants m and s, and — is defined through the seven rewrite rules mle — 1, mel — 1,
sle > 1, sel — e, sll — e, sml23 — msl3;s2s3l;, and s1lm23;, — ss12;3.

Apply the previously described algorithm to show that 7 is confluent.
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[_ 8.3 Confluence / Orthogonality

A critical data (r1,u,r3) of a TRS 7 is trivial if §; = 5o where (s1,52) is the critical pair
associated with (r1,u,72).

Definition

Let 7 :=(S,V,—) be a TRS. When
[l all left-hand sides of rewrite rules of 7 are linear, 7 is left-linear;
[] 7 admits no critical data, 7 is non-overlapping;
[] all critical data of 7 are trivial, 7 is weakly non-overlapping;

[1 7 is (weakly) non-overlapping and left-linear, 7 is (weakly) orthogonal.

Examples

Let § be the signature containing two nullary constants ¢ and f, and one binary constant o.

[] Let 7 :=(S,N,—) be the TRS such that — is defined through the three rewrite rules
ri:=otl —t, r2:=o0lt —+t, and of f — f. The critical data (ri,€,72) is trivial and 7 is
weakly orthogonal.

[l Let 7':=(S,N,—’) be the TRS such that —' is defined through the two rewrite rules otl —'¢
and of1 —'1. The TRS 7' is orthogonal.

L Samuele Giraudo 230 / 334 INF889K



[_ 8.3 Confluence / Orthogonality

Theorem [Confluence of weakly orthogonal TRSs

Any weakly orthogonal TRS is confluent.

This result is important to establish the confluence of TRSs which are not terminating.

The condition to be left-linear for a weakly orthogonal TRS is necessary.

Example

Let 7 := (S,N,—) be the TRS such that S is the signature containing three nullary constants i, t,
and f, a unary constant s, and a binary constant e¢, and — is defined through the three rewrite
rules ¢ — si, ell —t, and elisly — f.

This TRS 7 is non-overlapping but is not left-linear.

Since
eii =t and el = eisy = f,

the S,N-term ei7 has two normal forms. Therefore, 7 is not confluent.
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8.3 Confluence / Orthogonality

Example

Let 7 := (S,N,—) be the TRS such that S is the signature containing a nullary constant a, a unary
constant k, and binary constant f, and — is defined through the three rewrite rules r := fal — k1,
ro:= fla — k1, and k1 — fal.

First, 7 is not terminating because

kl= fal =kl = fal=---
leads to an infinite rewrite sequence in 7 .

Second, all critical data of 7 are trivial. Indeed, the only critical data of 7 are (ri,¢,72) and
(1"2,6,7"1). For both these critical data, the associated critical term is faa, and the associated
critical pair is (ka,ka).

Therefore, by Theorem [Confluence of weakly orthogonal TRSs], 7 is confluent.
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Let § be a signature, V be a set of variables, and ~~» be a reduction relation on T-S-C-Vj.

Let the ARS Completiongy ., := ({Fail} UP- TS C-V 2,:>) such that, for any S € P- TS CV,?,
[Critical pair join]
S=5u {(fl.fg)}

if there exists a critical pair (s;,52) of a critical data of the TRS 7 :=(S,C-V,S5), such that
t; is a normal form of s; in 7 and t; is a normal form of s, in 7, and t; # t5.

[Reduction clash]

S = Fail
if there exists (f;,t2) € S such that t; >t;.

This ARS leads to the Knuth-Bendix completion Algorithm [D. Knuth, P. Bendix, Simple Words Problems in
Universal Algebras, 1970].

The original Knuth-Bendix completion Algorithm works on sets of identities (unordered pairs of
S,C-V-terms) rather than elementary rewrite relations (ordered pairs of S,C-V-terms).
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Let S be a signature, V be a set of variables, and ~» be a reduction relation on T-S1C-V.

Given a TRS 7 :=(S,V,S), the ARS Completiong, . is used by computing a normal form of the set S

and, when this normal form is a set S’, by considering the TRS (S,C:V,S5’) as the result.
is a of T.

Let S be the signature containing two binary constants a and b. Let us consider the set of
variables N. Let ~» be the >,w-Knuth-Bendix relation where > satisfies b > a, and w is the
S,C:N, >--weight function defined by wc.y:=1, wa=3, and wb=2.
Let S := {(aal23,a1623))}. In Completiong .., we have

S = {(aal2;3, alp23)), (t1,t2)}
with the following definitioms.

By denoting by 7 the element of S, we have that (r,1,7) is a critical data of the TRS (S,V,S5).

This TRS

The

critical term associated with this critical data is t:= qaal21),3() 3. The associated critical

pair is (s1,52) where s1 := aalM2Mp3M 3, and 59 1= a0l p2M 30 3.
We have moreover
51 = alPp2Wp3W3 = ¢,  and s = al®pp2M3M 3 —: ¢,

These two normal forms t; and t; satisfy t; ~ t2.
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|_ 8.4 Confluence / Completion

Due to the following results, the ARS Conuﬂeﬂonsyﬁﬁ, where S is a signature, V is a set of
variables, and ~» is a reduction relation on T-§-C-V), computes exactly what it is designed to

compute.

Exercise ooooo

Show that Completiong, ., is neither terminating nor confluent, where S is a signature, V is a set

of variables, and ~» is a reduction relation on T-S-C-V|.

Theorem [Normal forms of Completiongy .. ]

Let 7 := (S,V,—) be a TRS and ~» be a 7 -compatible reduction relation on T-S-C-:V;. All normal
forms of the set — in Completiong, . which are different of Fail are binary relations S on T-§/C.V
such that 7' :=(S,C-V,S) is a convergent TRS such that =, ==c.7.

In other terms, given a terminating TRS 7 :=(S,V,—), a normal form of of — in Completiong, . is
an elementary rewrite relation S such that the TRSs (S,C:V.S) and C.7 are convertibility
equivalent, and (S,C-V,S) is convergent (even if C-7 is not).
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Let the TRS 7 := (S,N,—) such that S is the signature containing the binary comnstant m, and — is
defined through the rewrite rule 7 := mml2;m23; — 2. Let also ~» be any 7 -compatible reduction
relation.

The critical data of 7 are (ri,1,71) and (r1,2,71).

The critical term associated with the first critical data is

t= m\m\m1(1)2<l>HmQ(l)Z’)“)JHm\mQO)S(l)JBJ

and the critical pair associated with this critical data is (51752) where
51 1= m2(1)3(1) and S§o := m?m mm2W3M) 3

These two S,C-N-terms are normal forms of C-7. Therefore, Completiong . adds to — the new
rewrite rule 1o := (52,51), in this order, since s contains s; as a subterm.

Similarly, the second critical data makes Completiongy . to add to the set {r1,72} the new rewrite
rule

r3 1= (mml ml1®o®m 2(1),m1(1)2(1)).

We can check (with some further work) that {ri,r2,73} is a normal form of CompletionS,Niw. Therefore,
the TRS (S,C-N,{r1,r2,73}) is convergent.
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8.4 Confluence / Completion

Example

Let the TRS 7 := (S,N,—) such that S is the signature containing the binary constant m, and — is
defined through the rewrite rules 71 := mml23 - mlm23) and r» :=mll —+ 1. Let also ~» be any

T -compatible reduction relation.

The critical term associated with the critical data (rl,l,rl) of 7T is mm1M10)3 and the critical
pair associated with this critical data is (s1,52) where &1 := m1Mm1M3, and so := m1M3. These
two §,C-N-terms are normal forms of C.7. Therefore, Completiong . adds to — the new rewrite
rule r3:= (51,62).

Let the TRS 7' := (S8,C-N,{ri,r2,r3}). The critical term associated with the critical data (r1,1,73)
of 7' is mml1@m1®3"); 3 and the critical pair associated with this critical data is (si,52)

where s; = m1® mm1®3M 3 and So = mm1®31) 3 e have that 5’1 = m1®m1®m3W3; and
55 = m1®m3W3; are respective normal forms of s; and s> in 7'. Therefore, CompletionsyN_yw adds to

{ri,72,73} the new rewrite rule 74 := (s7,55).

Exercise ooooo

Let us consider the previous TRS 7. Show that for any 7 -compatible reduction relation ~-, the set
— admits no normal different from Fail in the ARS Completiongy .. In other words, prove that there

is no confluent completion of 7 .
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8.4 Confluence / Completion

Example

Let the TRS 7 := (S,N,—) such that S is the signature containing the binary comstant m and — is
defined through the rewrite rule 71 := mml234 — mlm2ma34) [C. Chenavier, C. Cordero, S. Giraudo,

Quotients of the magmatic operad: lattice structures and convergent rewrite systems, 2019]. Let also ~~» be
any 7 -compatible reduction relation.
The critical term associated with the critical data (ri,1,71) of 7 is mmm m1Ma2® 3<1>J4(1)J4 and

the critical pair associated with this critical data is (51,52) where 51 = m\m1(1)2<1)“m3(1>\m4(1)4u

and s2 := m\ml(l)mﬂ(l) m3gm 4. These two S,C-N-terms are normal forms of C.7. Therefore,

Completiong . adds to — the new rewrite rule 72 := (s1,52).

Let the TRS 7' := (S,C-N,{ri,r2}). The critical term associated with the critical data (rq,11,71)
of 7' is m\m\mmml(”Q(l) 3m 4(1)J3J4 and the critical pair associated with this critical data is

(61,52) where 51 = m\mm1<1)2(1) 3<1)“m4(1>mg2?” and 5o = m\m\mlm m2M m3M 4 JZSJ4. We have that
s] = mlm\mQ(l)\m3(1)\m4(1)\m34m and, by using the rewrite rule 7, §h := ml(l)\mQ(l)\m\mS(l)\m4(1)3u4”

are respective normal forms of $; and s in T Therefore, CompletionS’NAw adds to {7"1,1"2} the new

rewrite rule r3 := (5,55).

Exercise ooooo

Let us consider the previous TRS 7. Show that 7 leads to a convergent TRS formed by eleven

rewrite rules.
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Universal algebra

9.1. Varieties of algebras
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Let A:=(X,S,0p) be an S-algebra.

An S-algebra A':= (X’',S,0p’) is an S of A if X' C X and for any c€ Sn, n€N, and any

2 2! !
Ty, ...,2, € X',

/! / ! / !
Op .C.xl. 0o .g;n = Op.c.ml. co0o 'In'

Let MagC be the signature containing one nullary constant ¢ and one binary constant m.

The triple A := (P-Z,MagC,op), where op-c:=N and op-m-S1-S2 := S1 NS> is a MagC-algebra.

The triple (P-N,MagC,op) where op is the same function op as before, but restricted on P-N,
is a MagC-subalgebra of A.

The triple A := (N,MagC,op), where op-c:=0 and op-m-ni-n2 :=ni +n2 is a MagC-algebra.

The triple ({2n:mn € N}, MagC,op) where op is the same function op as before, but restricted
on even natural numbers, is a MagC-subalgebra of A.

By considering the previous MagC-algebra A, the triple ([k],MagC,op), k € N, where op is the
same function op as before, but restricted on natural numbers smaller than or equal to k, is
not a MagC-subalgebra of A because op-m is not well-defined.
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|_ 9.1 Universal algebra / Varieties of algebras —l

Let A:=(X,S,0p) be an S-algebra.

Given Y C X, the S-subalgebra of A generated by Y is the S-subalgebra AY) of A whose underlying
set contains Y and is minimal w.r.t. inclusion among the underlying sets of all S-subalgebras of A
which satisfy this property.

when A= A"Y), YV is a generating set of A. When for any V' CVY, AY) = 4 implies V' =Y, YV is
a minimal generating set of A.

Examples

| Let the MagC-algebra A := (N, MagC,op), where op-c:=0 and op-mni-nz :=mni +na.
We have A'Y) = A. This follows by induction on N. First, we have 0 € AU pecause 0 = op-c.
We have also 1 e A1) trivially because 1 is an element of the generating set. Moreover, for
any n € N\ {0}, n=opm-n—1:1, so that, by induction hypothesis, n e A1},

| Let the MagC-algebra A := (Z,MagC,op), where op-c:=1 and op'mni-ngs :=ni X na.
The MagC-subalgebra A{?%}) of A has as underlying set {2’“13’“2 tki, ko € N}.
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[_ 9.1 Universal algebra / Varieties of algebras _]

Let [ be a set and (A;),.; be a family such that for any i< I, A;:= (X;,S,0p;,) is an S-algebra.

The product of (A;),., is the S-algebra [[, ., A; := (X,S,0p) such that X :=]]
n € N, and any (%(1)) ,...,(x(n)) cX,
el i€l

;er Xi and for any ceSn,

K2

ope(s0) o (o) = (opreal- o)
el 1€l 1€l

Example

Let the MagC-algebras A; := (N,MagC,op,), where op,-c:=0 and op;-mni-ns :=ni; +nz, and
Az = (Z,MagC,op,), where op,-c:=1 and op,-mni-ng :=n1 X nNa.

By setting A := Hi€[2] A; = (X,S,0p), we have
[l X=Nx2Z;
L ope=(0,1);

[l For any (ngl)7n§1>>, (n?),ném) e X, opm- (ngl),ngl))-<n52)7ng2)) = (ni1> +n§2)7n§1) X nf)).
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[_ 9.1 Universal algebra / Varieties of algebras

Let A:=(X,S,0p) and A" := (X', S,0p’) be two S-algebras.

An S-algebra morphism from A to A’ is a function ¢: X — X' such that for any c€ Sn, n €N, and
any zij,...,x, € X,

¢. Op.c.xln CEEEEY .J:’n f— Op’.c. ¢.I1 o e e e . ¢.xn .
Example

Let the MagC-algebras A := ({a,b}",MagC,op), where op-c:=¢ and op-m-wi-ws = wi .ws, and
A" := (N,MagC,op’), where op’-c:=0 and op’-m-ni-ns :=ni +ns.

The function /¢, which sends any w € {a,b}" to the length of w, is an MagC-algebra morphism from .4
to A'. Indeed,

L-op-c,=Ll-e=0=opc
and, for any wi,ws € {a,b}",

L-opm-wr-wz = £ wi . wa = Lwy + Lwz = op’m-fwy ) f-wa).

L Samuele Giraudo 246 / 334 INF889K



|_ 9.1 Universal algebra / Varieties of algebras

Let A:=(X,S,op) be an S-algebra.

An equivalence relation = on X is a congruence on A if for any c € Sn, n €N, any

Tl T Ty xy € X, i€ [n], x; =2 implies
Op.c.xl. ... .mi DR .xn E Op.c-xl. ... .x; DR .xn.
The =-equivalence class of x € X in A is denoted by [z]=.

The quotient of A by a congruence = on A is the S-algebra A/ =:= (X/ =,S5,0op/ =) such that op/ =

is defined, for any c€ Sn, neN, zy1,...,2, € X, by
Op/ = .C.[Il]z. “e '[‘TTL}E = [Op.c.xl. e .xn]z'
Example

Let the MagC-algebra A := ({a,b}",MagC,op), where op-c:=¢ and opm-wi-ws := w1 .ws.

Let = be the equivalence relation on {a,b}” such that, for any wi,ws € {a,b}", w1 = ws if

lo-wy = Lg-we and ly-wy = Lp-we. It is easy to check that = is a congruence of A.

The underlying set {a,b}"/ = of A/ = admits {a"“b" :n,,n, € N} as set of representatives.

Moreover, op/ = -c = [¢]= and, for any ng,ns, ny,n, € N,

op/ = -m-[a"™*b""]_- [a"; b”/b}

_ |:ana+n; bnb+ng:|
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Let X and X' be two sets and ¢: X — X’ be a function.

[] The kernel of ¢ is the equivalence relation Ker-¢ on X defined by (x1,22) € Ker¢ if ¢-a1 = ¢-xo.

[] The image of ¢ is the set Im-¢:= {2’ € X': there exists x € X such that ¢x =a'}.

Theorem [First Isomorphism Theorem]

Let A:= (X,S,op), A = (X' ,S,0p’) be two S-algebras, and ¢ be an S-algebra morphism from A to A’.
The equivalence relation Ker-¢ is a congruence on A.
2. The triple A” := (Im'¢,S,op”) is an S-subalgebra of A’, where, for any c€ Sn, n €N, op’c is
the restriction of op’-c as an m-operation on Im-¢.
3. The function ¢ : X/Ker-¢ — Im-¢ defined for any x € X by &-[2]ker.y := ¢ is an S-algebra
isomorphism between A/Ker-¢ and A”.

Exercise ooooo

Prove Theorem [First Isomorphism Theorem].
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Let S be a signature and ¢ be a class of S-algebras.

The class ¢ is

when for any A€ € and any S-algebra A’, if there is a
surjective S-algebra morphism from A to A’, then A’ € ¢;

when for any A€ ¢, any S-subalgebra of A belongs to C;

when for any set / and any family (Aj)iel of S-algebras belonging to €,

[Lie; Ai € €.

Note that by Theorem [First Isomorphism Theorem], if ¢ is closed under homomorphic images, then for
any A € ¢ and any congruence = on 4, the quotient A/ = belongs to C.

Note also that the closure under homomorphic images implies that if A € ¢, then any S-algebra
isomorphic to 4 belongs to C.

Let S be a signature. A of S-algebras is a nonempty class € of S-algebras which is closed
under homomorphic images, subalgebras, and products.
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Let & be a signature and V be a set of variables.

The S,V-term algebra is the S-algebra T-S'V:= (T-S:V,S,op) such that op is defined, for any cc€ Sn,
neN, t,...,t, € TSV, by

op-ctyr -ty i=cty ..ty

The S,(-term algebra is the ground S-term algebra. Note that if S-0 =1, then the underlying set of
T-S-0 is empty.

Example
The MagC, N-term algebra T-MagC-N admits the set of MagC,N-terms. Moreover, we have for
instance
op-c=c
and

op-m-mlimc2;m23 = mmlimc2);,m23,.
Besides, the underlying set of the ground S-term algebra is
X := {¢, mcc, mmccic, meimeay, - . . }
and the graded set (X,/.) is a combinatorial graded set and its integer sequence is the one of

Catalan numbers.
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Let & be a signature and V be a set of variables.
Let t:V — -5V be the function such that for any v € V, v is the leaf decorated by v.
Theorem [Free S-algebras]

For any signature S, any set of variables V, any S-algebra .4 := (X,S,op), and any V, X-assignment

o, there exists a unique S-algebra morphism ¢ from T-S-V to A such that o= ¢or.
The class of S-algebras together with S-algebra morphisms forms a category.
Theorem [Free S-algebras] says that T-S:V is a free object in this category.
For any set X, the empty X -assignment is the (), X-assignment () having an empty domain.
For any S-algebra A:=(X,S,0p), evyg is the unique S-algebra morphism from T-S-) to A. Therefore,
T-S-) is an initial object in the category of S-algebras.
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9.2. Equational presentations
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[_ 9.2 Universal algebra / Equational presentations

Definition

An S§.V-equational presentation is a triple (S,V,~) where
[l § is a signature, called the underlying signature;
[] V is a set of variables, called the underlying set of wariables;

[l ~ is a binary relation on T-S-V, called the elementary identity relation.

Remark that this definition looks like the one of TRSs but there is no condition on ~ here.

Let £:=(S,V,~) be an S,V-equational presentation. If t and t' are two S,V-terms such that t~t,
then the pair (t,t') is an elementary identity of &.

Examples

[l Let Monoids := (MagC,N, ~) be the MagC,N-equational presentation such that ~ is defined by
mml2;3 ~ mlim23;, mlc~ 1, and mecl ~ 1.

[l Let BSLattices := (MagC,N,~) be the MagC,N-equational presentation such that ~ is defined
by muml2;3 ~ m1lm23;, mlc~1, mecl ~1, ml2 ~m21, and mll ~ 1.
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Let £:=(S,V,~) be an S,V-equational presentation.

Let A:=(X,S,op) be an S-algebra. Two S,V-terms t and t' are A-equivalent if for any
V, X-assignment «, evot=cvgqt.

An algebra over £ is an S-algebra A such that for any elementary identity (t,t') of £, t and t' are
A-equivalent.

Examples

'] Let the MagC-algebra A := (N,MagC,op), where op-c:=0 and op-m-ni-nz:=ni + na.
The MagC,N-terms t:=mlpml2 and t' := mm2l1 are A-equivalent. Indeed, for any N,N
assignment «, by setting ni := -1 and n2 = a2,
evaat=n1+ (1 +n2) =2n1+n2 = (n2+m1) +n1 =evaat.
[l The class of algebras over Monoids is the class of monoids.

[l The class of algebras over BSLattices is the class of bounded semilattices.
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Here is a list of some important varieties appearing frequently in algebraic combinatorics.

The variety of monoids, described by the equational presentation Monoids.

The variety of bounded semilattices, described by the equational presentation BSLattices.

The variety of groups, described by the equational presentation Groups:= (S,N,~) where S is
the signature containing a nullary constant e, a unary constant ¢, and a binary constant m,
and ~ is defined by mml2;3 ~ mlm23;, mel ~1, mle~1, miljl ~e, and mljil ~e.

The variety of idempotent semigroups (also called bands), described by the equational
presentation Bands := (§,N,~) where S contains one binary constant m and ~ is defined by
mml2;3 ~ mlm23, and mll ~ 1.

The variety of duplicial algebras [C. Brouder, A. Frabetti, QED Hopf algebras on planar binary trees, 2003],
described by the equational presentation DuplicialAlgebras := (S,N,~) where S contains two
binary constant < and >, and ~ is defined by < K 123 ~< 1| 23), > > 123 ~> 1> 23, and
> <123 ~<L 1> 23).

The variety of nonassociative permutative algebras [M. Livernet, A rigidity theorem for pre-Lie algebras,
20061, described by the equational presentation NAPAlgebras := (S,N,~) where S contains one
binary constant g, and ~ is defined by ggl23 ~ ggl32.

Samuele Giraudo 255 / 334



|_ 9.2 Universal algebra / Equational presentations

Theorem [Birkhoff’s Variety Theorem]

Let S be a signature and V be an infinite set of variables. A nonempty class ¢ of S-algebras is
a variety iff there exists an S,V-equational presentation £ such that ¢ is the class of algebras

over £.

This result comes from [G. Birkhoff, On the Structure of Abstract Algebras, 1935] and is also known as the
Birkhoff HSP Theorem.

When & :=(S,V,~) is an §,V-equational presentation with V infinite, by [Birkhoff’s Variety
Theorem], the class of algebras over £ is a variety V. We call V the wariety of &.

Examples

L] Since the class ¢ of monoids is closed under homomorphic images, subalgebras, and products, ¢
is a variety. By Theorem [Birkhoff’s Variety Theorem], there exists an S,V-equational
presentation of ¢. This is the MagC, N-equational presentation Monoids.

U] By Theorem [Birkhoff’s Variety Theorem], BSLattices is an MagC, N-equational presentation of
a variety. This is the variety of bounded semilattices.
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Let £:=(S,V,~) be an S,V-equational presentation.

Two S,V-terms t and t' are £-semantically equivalent if for any algebra A over &, t and t' are
A-equivalent. This property is denoted by t=g¢ t'.

Examples

[l The MagC,N-terms t:= mlml2 and t' := mm2l1 are not Monoids-semantically equivalent.
Indeed, consider the MagC-algebra A := ({a,b}",MagC,op), where op-c:= ¢ and
opm-wi-ws := w1 .w2 is such that, by setting « as an N, {a,b} -assignment satisfying a1l =a
and a2 =05, eva.t=aab# baa =eva-t.

[ The MagC,N-terms t:= mml2m2l; and t := ml12 are BSLattices-semantically equivalent.

[] The MagC,N-terms t:=mcl and t' := ¢ are not BSLattices-semantically equivalent.

Exercise oeoocooo

Prove the last two properties of the previous examples.
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Let £:=(S,V,~) be an S,V-equational presentation.

When ~ is an elementary rewrite relation, & is 7RS-like. In this case, & is a TRS.

Examples

[l The equational presentations Monoids, BSLattices, and Groups are TRS-like.
[l The equational presentation (MagC,N,~) such that ~ is defined by 1 ~ mll is not TRS-like.
[] The equational presentation (MagC,N,~) such that ~ is defined by mcc ~ mlc is not TRS-like.

When £ is TRS-like, two S,V-terms t and t' are £-syntactically equivalent if t =t where = is the
convertibility relation of &.

Example

Let the MagC,N-terms t:= mumcl;m3mm3c?2, and t' :=mml23. In BSLattices, we have

t = mlm23 < mmcm23 = mumclim32 < mmelymm33i2, < mumelymm3m3e 2, = t

so that t and t' are BSLattices-syntactically equivalent.
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Theorem [Equivalence of the £-semantic and £-syntactic relations]

Let £ := (S8,V,~) be a TRS-like S,V-equational presentation. The £-semantic equivalence relation

and the £-syntactic equivalence relation coincide.

This result is known as the Birkhoff Theorem on identities [G. Birkhoff, On the Structure of Abstract
Algebras, 1935].

Due to this property, given a TRS-like equational presentation & :=(S,V,~), two S,V-terms t and t
E-equivalent if t and t' are £-semantically equivalent, or, equivalently, £-syntactically equivalent.
This property is denoted by t=¢ t'.

Exercise oeooocoo

Let the S,N-equational presentation & := (S,N,~) such that & is the signature containing a nullary
constant e, a unary constant ¢, and a binary constant [, and ~ is defined by f1,f23, ~ f 123,
fel ~1, and flily~e.

Show that the S,N-terms fle and 1 are not £-equivalent.
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Proposition [S-equivalence and quotients of free §,V-term algebras]

Let £ := (S,V,~) be a equational presentation. The £-equivalence relation ~¢ is a congruence on

T-S-V.

Let £:=(S,V,~) be an equational presentation. Let 7:V — Z-S:V|/~¢ be the function such that for
any v €V, v = [1v]

e '

Theorem [Free algebras over equational presentations]

For any equational presentation & = (S,V,~), any algebra A = (X,S,op) over £, and any
V, X -assignment «, there exists a unique S-algebra morphism ¢ from T-S-V/ ~s¢ to A such that
a=¢ol.

The class of algebras over &£ together with S-algebra morphisms forms a category.

Theorem [Free algebras over equational presentations] says that T-S'V/~¢ is a free object in this
category.

For any algebra A:= (X,S,0p) over &, the function [t|~, +> ev -t is the unique S-algebra morphism
from T-S:0)/ ~¢ to A. Therefore, T-S-()/ ~¢ is an initial object in the category of algebras over &.
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|_ 9.3 Universal algebra / Word problem —|

Let S be a signature and V be a set of variables.

The word problem on an equational presentation & := (S,V,~) is the decision problem whose input is
two S,V-terms t and t', and whose question is whether t~ t'.

Theorem [Undecidability of the word problem]

There exist equational presentations £ such that the word problem on &£ is undecidable.

Proof. Let the equational presentation £ := (S,N,~) where S is the signature containing two
nullary constants K and S, and a binary constant a, and ~ is defined by aaKl2 ~ 1 and

aaaS1;23 ~ aial3dja23;. This equational presentation, coming from combinatory logic, is known to have
an undecidable word problem.

Example

An instance of the word problem on Groups is formed by the S,N-terms t := iml2 and t' := my2yil).

We can check that the answer is yes since t~aGroups t.
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Theorem [Convergence and decidability of words problems]

Let £ be a TRS-like equational presentation. If £ is convergent and its elementary rewrite

relation is finite, then the word problem on £ is decidable.

When & :=(S,V,~) is a convergent TRS-like equational presentation, an algorithm to decide for any
S,V-terms t and t' whether t=¢ t' consists in computing the unique normal form of t and of t of & and
checking if they are equal.

Example

By considering the convergent TRS-like equational presentation Monoids, let t:= mmlmc2;ml3 and
t' = mml2ymumlcyimc3y. By denoting by = the rewrite relation of Monoids, we have

t = mml2ml3) = mlm2ml3) =s
and

t = mml2mmleme3), = mml2ymlimed; = mml2ml3; = mlm2ml3; = s.

Since 5 is a normal form of Monoids and s € t | t', t =nfonoids t -
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Let £:=(S,V,~) be a convergent TRS-like equational presentation.

The algebra of normal forms of £ is the S-algebra A=-€£:= (X,S,0p) such that X is the set of
normal forms of &£, and for any c€ Sn, n €N, and any normal forms t;, ..., t, of &, op-cty- -+ -t, is
the unique normal form of the §,V-term ct;...t, of &.

Theorem [Algebras of normal forms and free algebras]

Let £ := (8,V,~) be a convergent TRS-like equational presentation and X be the underlying set of
As-E. Let ¢ : T8V/ =g— X be the function such that ¢-[t|=, is the unique normal form in the
future of t€ TSV in £. Then, ¢ is an S-algebra isomorphism from T-S-V/=¢ to As-E.

Since £ is a convergent TRS, by Proposition [Church-Rosser property], the function ¢ of the
statement of Theorem [Algebras of normal forms and free algebras] is well-defined.

Example

The MagC-algebra T-MagC-N/ =monoids is isomorphic to the algebra .A--Monoids of normal forms of
Monoids. The underlying set of A=-Monoids is the set of MagC,N-terms t such that t is a

variable, or t =c¢, or t= mi miQ\mi3\"' Minin41,..., where n>1 and for any j € [n+1], i; € N.

J)

Moreover, in A=-Monoids,

op-m-mlm23; mlm2m34, = ml\m2lm3 mlm2m34 i
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10.1. Clones
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10.1

Two varieties may be equivalent even if their underlying signatures are different.

Let the equational presentation PHeaps:= (S’ ,N,~') where S’ is the signature containing a nullary
constant ¢ and a ternary constant p’, and ~' is defined by p’'112~'2, p'122~' 1, and

P 12345 ~ p'12,p/345,.

The varieties of Groups and the variety of of PHeaps are equivalent.

Indeed, add to PHeaps a unary constant i’ and a binary constant m', and set m'12 ~' p'le’2 and
i1~ p’e’le/. We have for instance

/) . P oI P /' I11 o /
TnlllNPHeapspllelNPHeapsp p€1€ 61"-’PHeapspelp661 NPHeapspell ~PHeaps € -

Similarly, the five elementary identities of Groups hold in PHeaps on ¢, i’, and m’'.
Conversely, add to Groups a nullary constant ¢ and a ternary constant p’, and set ¢ ~ ¢ and

p'123 ~ mym1i2,3. We have for instance

p/112 %Groups mm1@2 %Groups me2 %Groups 2.
Similarly, the three elementary identities of PHeaps hold in Groups on e and p'.

The variety of (pointed heaps are heaps with distinguished unit element) goes back at [H.

Priifer, Theorie der Abelschen Gruppen. I. Grundeigenschaften, 1924].

In order to explain such equivalences, we need algebraic structures yielding an invariant of an
equational presentation, independent of the signature. Abstract clones are such invariants.
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An abstract clone (or clone for short) is a triple (g,(wm)n meN’(]liﬂl)neNie[n]) where

[l G is a graded set, called the underlying set;
[l for any n,m €N, 7,,, is a function of type
gGn—Gm—---—Gm— Gm,
n times

In other words, 7,,,r is an n-operation on G-m for

called the n,m-superposition function.
any v € Gn, neN;
[l for any n€ N and i € [n], 1;, is an element of Gn, called the i,n-projection;

[l the following identities hold:
0.1. for any n,m €N, i€ [n], and x1,...,2, € G-m,
'-Yn,m’ﬂi,n‘zl' T = T4y

0.2. for any n€ N and z € Gn,

Wn,n'x']ll,n' to ']ln,n = x;
0.3. for any n,m,keN, ze€Gn, y1,...,y, € Gm, and 21,...,2, € G-k,
fym’k.\fyn7m.x.y1. PPN .ynJ.Zl. 000 Fo = f}/n,k.x.\fym7k.y1.zl. [P Z’FI’LJ . .\fmeC.yn.Zl. PN .ZWJ'
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Example

Let the clone SL:= (g,(%,m)n’meN,(L,n)neN’ie[n]) such that

[] for any n €N, Gn:=P:[n|\0;

[l for any S€Gn, neN, and Si,...,5, €Gm, meN,

Vm S-Sy e Sy = US“
i€S

[ for any n €N and i € [n], 1;, := {i}.

We have for instance
¥s5,9-{1,3,4}-{2}-{6,8}-{7,8}:{2,3}-{1,2,3,4} = {2} U {7,8} U {2,3} = {2,3,7,8}.

The 2,5-projection is {2}.

There are in SL some nontrivial identities. For instance, for any 51,52 € G-m, m €N,

’72,m'{1, 2}-Sl~52 =S1US; =85 US; = ’727m~{1, 2}-52-51.
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The trivial clone is the unique clone having its underlying set § satisfying that G is a
singleton for any n € N.

Let C:= (g7 (’y’ﬂym)n,mEN7 (]lim)neN,ie[n]) and (' := (g/’ (’Y;L,m)n,’rrLEN’ (]l’/im)neN,iG[n]) be two clones.

A function ¢:G — G’ is a clone morphism if

[l for any x € Gn, n€N, ¢z € G n;
[l for any n€ N and i € [n], ¢1;, =1/

7,n 2

[l for any x € Gn, n€N, and y1,...,y, € Gm, m N,

QS'ﬂn,m'w'yl' co0o0 ynJ — Fy’il,’ln. ¢x o ¢y1 o 000 o ¢yn .

The clone C' is a subclone of C if

(] G is a sub-graded set of §;
[] for any n € N and i € [n], llg’n =1;,;
[] for any n,meN, z€ G n, and y1,...,yn € G'-m,

/
r)/'IL,TYI,'x.yl' PR .y" = '}/nﬂn.x.yl. P .yn.
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Let C:= <g7(7nﬂn)nﬂneN’(1%”)neN¢ehﬂ> be a clone.

Given a set X of elements of the underlying set of §, the C X is the
smallest (w.r.t. inclusion of the underlying sets of the underlying graded sets) subclone CX) of C
such that the underlying set of the underlying graded set of CY) contains X.

When X is such that C¥) =(C, X is a of C.

When X is a generating set of C and for any X' C X, cX) = ¢ implies X' =X, X is a
of C.

It is possible to show that {g}, where g:= {1,2} is an element of arity 2 of the underlying set of
the underlying graded set of SL, is a minimal generating set of SL. For instance,

{1,3,4} = v2,4-9- 11,4 v2,4-9- L3414 4,
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A clone congruence on C is an equivalence relation =

= on the underlying set of § such that
[] for any z € Gn, neN, [z]= CGn;

[l for any z,2' € Gn, neN, and y1,,.

YU €Gm, meN, if x =2 and y; =y, for all i€ [n],
then

ryn)m.aj.yl. ... yn = ryn7m.x/.y/1. S y;l.

The quotient of C by

is the clone C/ =: (g/ =, (fy;,”m)nymeN, <]l§sn)neN7iE[n]) such that

[l G/ = is the graded set satisfying, for any n€ N, G/ =-n={[z]z : 2 € Gn};

[l for any x € Gn, neN, and y1,...,y, € Gm, meN,
’Y;L,Trl'['r]z'[yl}z' '[yn]z = [Ynm'TY1* -+ “Ynlz;

"l for any n € N and i € [n], 1], =[1;,]_.
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10.2. Clones of pigmented words
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10.2

Let X be a set. An X -pigmented letter is a pair (i,z) such that ¢ € N\ {0} and « € X. This pair is
denoted by ¢*. The walue (resp. pigment) of ¥ is i (resp. z).

A finite sequence of X-pigmented letters is an X -pigmented word.

Let M be a monoid with product x and unit e.

Let the triple P-M := (g, (’y”ﬂ"”’)njneN’(]li771’)7L€N.i€[n]> such that

G is the graded set such that for any n € N, G:n is the set of M-pigmented words whose values
of letters range all between 1 and n;

for any {"...i} €Gn, neN, LeN, w,...,w, €G-m, meN,

Yrme 81 -Gy w e Wy t= (g F Wiy ) e .. (0 F wg,)

where for any [ € M and any jll...j,f’”” €g, keN,

. B : B+ B
Bxii g 1—]{}*’61--42* “
'e

for any n€ N and i € [n], 1,, :=:°.
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Theorem [Clones of M-pigmented words]

For any monoid M, P-M is a clone.

This result comes from [S. Giraudo, Clones of pigmented words and realizations of special classes of monoids, 2026].

Examples

Let M, be the free monoid ({a,b}",. €).

The 3,8-projection of P-M,, is 135 =3° and the 3,4-projection of P-M,, is 134 =3°. Even if they
are denoted through the same M, -pigmented word 3°, I3 and L34 are different elements. This
remark applies also for other clones: for instance, in SL, there is a copy of the element {1,3,4}
for any arity n > 4.

Moreover, in P-M,,, we have

74,3.2(1174(1161170] .009¢ .3b(z g 311 A® @ = 3ab.ba 1ab.lz3ab.b Le.oergee 2ba.112ba.6 _ 3abbalabagabb2a262baa2ba'
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Let M be a monoid.

Let =g, be the equivalence relation on the underlying set of the underlying graded set of P-M
defined by w =gt w' if, for any M-pigmented letter *, w and w’ have both the same number of
occurrences of 1“.

Example

The M,-pigmented words 2ab3bagl ang 202903% of arity 3 of P- M, are =i,¢-equivalent.

Proposition [Sorting congruence on P-M]

For any monoid M, the equivalence relation =g, is a clone congruence on P-M.

Example

In the quotient P-M,,/ =c:t, we have

V.4 |:1a2b2ab:| . . I:laagab] . .[161a1aa]550m _ [laaalablabalabaalblbalbaa?’aab] o
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Let M be a monoid.

Let, for any k € N, first; be the function sending an M-pigmented word w to the subword of w
obtained by deleting all occurrences of M-pigmented letters having i € N\ {0} as value when there
are k or more occurrences of M-pigmented letters of value ¢ on the left.

Let also =g, be the kernel of firsty.

Example

For any ai,...,a9 € M,
firstg-1¥12%21¥33%41 95396997 4¥83%9 _ (¥19*21¥33XA3A6QATYE

Proposition [First congruence on P-M]

For any monoid M and k € N, the equivalence relation =first, 1S a clone congruence on P- M.

Example

In the quotient P-M,,/ =i, , we have for instance

3.3 [2ba 1bab3b] . X [lea] . .[Qaa3a]zﬁrst1 _[3aa1a26]5ﬁrst1 _ l:zbaaugbaalbaba] . .
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When M is the trivial monoid E := ({e}, x,e), the elements of the underlying set of the underlying

graded set of P-E are monochrome pigmented words.
the monochrome pigmented word if...%j.

In this case, we denote simply by iy...ip, ¢ €N,

Examples

In P-E, we have

In P-E/ =, we have
72,4-[12215:‘0”'[13]

Ssort [

In P-E/ =4y, , we have

Y4,3-2411 .22 313 -1 ‘¢ = 313.€.22.22 =

111]

w213, 210, 123

=firstq

3132222.

= [11111113]_ .
t =sort

=sor

B, =@,
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It is possible to build a hierarchy of clones by considering quotients P-M, where M is a monoid,
by using the clone congruences =y, and =fst, » k € N, their intersections, and their reversions.

Here is the diagram, where arrows are surjective clone morphisms (without further details):

P(M)
i
Pill s (M)
N
Staly, (M) Magny, 5/ ( Stal},, (
| < >< i
Array (M Winc(M Arral,
ol
INCrin{k,k/}

|

Inco
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10.3

For any signature S, let the triple FC-S := (Q., (A’/n-,m)n.mEN’(]li’n)nENAiE[n]> such that
G is the graded set such that for any n €N, G-n is the set of labeled S-terms t such that
ket < n;
for any te Gn, neN, and t,...,t, € Gm, meN,
’Y’n,,'m,'t'tl' e 'tn, = t[th e 7t'n,];

for any n € N and ¢ € [n], 1;,, is the labeled S-term consisting in one leaf decorated by .

Let ¢: S — T8 N\ {0} be the function such that for any c € Sn, n €N, ¢ is the labeled S-term

cl...n.

For any signature S, FC-S is a clone. Moreover, for any clone C and any rank-preserving function
f from the underlying set of S to the underlying set of the underlying graded set of C, there
exists a unique clone morphism ¢ from FC-S to C such that f=¢ou.

The class of clones together with clone morphisms forms a category. Theorem [Free clones] says
that for any signature §, FC-S is a free object in this category.
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Let C be a clone.

A presentation of C is an equational presentation (S,N\ {0},~) such that C is isomorphic to FC-§/=
where = is the smallest clone congruence on F(C-S containing ~.

Example

The clone SL admits the equational presentation (S,N\ {0},~) as presentation, where S is the

signature containing a binary constant A and ~ is defined by AAL23 ~ AL1A23), A12 ~ A21, and
A1l ~ 1.

A clone C can have different presentations, even on non-isomorphic signatures.

Example

Let the equational presentation (S',N\ {0},~') where S’ is the signature containing a binary
constant A and a ternary constant t, and ~' is defined by AA123 ~ A1A23), Al12 ~' A21, All~1,
and 1123 ~' AA12;3.

Then, £’ is another presentation of SL.
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tet €= (G (i) e (Lin)ycricy ) Be @ clome.

For any n € N, the C,n-evaluation function is the function defined, for any §,[n|-term t, by

; gz if t =14 with i € [n],

event i = .

" Vmn-C€Venti - -eVentm, otherwise, where t=cti...tm,c € G-m,m e N, t; € T-G-[n],i € [m].
Example

In SL, we have
evsL.a-{1,3} {2,4}1324,14 = {3,4}.

Proposition [Raw presentations of clones]

Let C be a clone having § as underlying graded set. The equational presentation (G,N\ {0}, ~) is a
presentation of C, where ~ is defined by t~t if t,t' € T-G-[n], n €N, and (t,t') € Ker-eve,.

The presentation of C described by Proposition [Raw presentations of clones] is the 7raw
presentation of C.
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For any set A, let the triple End-A:= (g,(vn’m)n m€N7(]lif")nEN ie[u]) such that
[l G is the graded set such that for any n € N, G:n is the set of n-operations on A;

[l for any o € Gn, neN, 9,...,¢, € Gm, meN, and ay,...,a,, € A,

’7n7m.¢-’l/)1. .. .wn-al. ... .am :: ¢-‘1/]1¢a1- DY -am‘. ... -“’l/}ncal- e -am‘;
! for any n€ N and i€ [n|, 1;, is the n-operation on A defined, for any ai,...,a, € A, by
]li,n'al‘ Ce ey t= Ay

Proposition [Clones of endomorphisms]

For any set A, End-A is a clone.

The clone End-A is the clone of endomorphisms on A.

Exercise ooooo

Prove Proposition [Clones of endomorphisms].
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Let C be a clone and A be a set.

An C A is a G-algebra (A,G,op) such that

G is the underlying graded set of C;

there exists a clone morphism ¢ from C to End-A such that for any =z € Gn, n €N, opz is the
n-operation ¢-x on A.

Observe that if X is a generating set of C, then ¢ is uniquely determined by the images by ¢ on X.
Hence, to define an algebra over C, it is enough to describe op-x for any x € X.

Consider the clone SL and the set A:=7.
Let ¢ be the clone morphism from SL to End-A defined, for any S € P:[n]\0, n€N, by

¢-S-ar- -+ can :=max{a; : 1 € S}.
This defines an algebra (A,G,op) over SL on A where G is the underlying graded set of SL. We have
for instance
op-{1,3}: — 4:3-2 = max{—4,2} = 2.
Since {{1,2}} is a generating set of SL, the operations op-S are uniquely determined for any
S eP:nl\0, neN, by op{1,2}-a1-as = max{ai,az}, where ai,as € A.
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Theorem [Algebras over clones and varieties]

Let C be a clone having § as underlying graded set.
1. The class of algebras over C is a variety of (-algebras.
2. This variety of C-algebras is the variety of the raw presentation of C.

Theorem [Algebras over clones and varieties] relies on Theorem [Birkhoff’s Variety Theorem] and
says that clones, through their algebras, describe varieties of algebras.

Example

Consider the algebras over the clone SL.

Since the set {g}, where g:= {1,2}, is a minimal generating set of SL, to define an algebra
A:=(A,G,op) over SL where A is a set and G is the underlying graded set of SL, it is enough to

define op-g.

We can check that, due to the definition of SL, op-g is an associative, commutative, and idempotent

2-operation on A. Therefore, A is a semilattice.
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Let £ and &’ be two equational presentations having both N \ {0} as underlying set of variables. If

there exists a clone C which admits both & and £’ as presentations, then £ and &' are

Let V and V' be two varieties. If there exist two equivalent equational presentations £ and &’
such that the class of algebras over & (resp. &) is V (resp. V'), then V and V' are

Thus, clones encode equivalence classes of varieties through their algebras.

A natural question about a variety ) consists in exhibiting a variety )’ such that V and V' are
equivalent and V' is the simplest possible one. By ‘‘simplest’’, we mean a variety which is
described by an equational presentation (S,N\ {0},~) such that

S is the smallest possible, for a certain size notion on signatures;

and/or ~ is the smallest possible, for a certain size notion on elementary identity relatiomns.
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Exercise ooooo

Prove that the equational presentations Groups and PHeaps are equivalent.

Exercise ooooo

Let AG; :=(S,N\ {0},~) be the usual equational presentation of abelian groups, where S contains a
nullary constant e, a unary constant ¢, and a binary constant m, and ~ is defined by
mml23 ~ mlm23;, mel ~1, melLjl ~e, and ml2 ~ m21.

Let also the equational presentation AGs := (§',N\ {0},~') where S’ contains one nullary constant c

and one binary constant d, and ~' is defined by dl1 ~'c and dld2d3,d12;, ~" 3.

Prove that AG; and AG2 are equivalent.
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Let C and C’' be two clones, and ¢ be a clone morphism from C to (’.

Let A :=(A,G’,0p’) be an algebra over C' on a set A. Let ¢ A :=(A,G,0p) be the triple such that

G is the underlying graded set of C;

for any g € Gn, n €N, op-g is the n-operation on A defined, for any ay,...,a, € A, by
Op.g.al. e Oy = OPIO{] A1t Oy
Let C and C' be two clones, and ¢ be a clone morphism from C to C'. If A’ is an algebra over C',

then ¢- A’ is an algebra over C.
Theorem [Clone morphisms and algebras] says that a clone morphism from a clone C to a clone C' gives

rise to a transformation of an algebra over C’ to an algebra over C. This transformation can be
described as a functor from the category of algebras over (' to the category of algebras over C.
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Let the equational presentation & := (MagC,N\ {0},~) where ~ satisfies mml23 ~ mlm23,
mml21l ~ml2, mle~1, and mcl ~ 1.

This is the equational presentation LBMonoids of

Let C:= FC-MagC/ = where = is the smallest clone congruence containing ~.

Let the equational presentation &' := (MagC,N\ {0},~') where ~' satisfies mml23 ~ m1m23,
mle~"1, mel~"1, ml2~"m21, and mll ~' 1.

This is the equational presentation BSLattices of bounded semilattices.

Let C':= FC-MagC/=" where =’ is the smallest clone congruence containing ~’.

Let ¢ be the function from the underlying set of the underlying graded set of C to the underlying
set of the underlying graded set of C’ sending [m]= to [m]=/ and [c|]= to [c]=/. It is possible to
show that ¢ can be uniquely extended as a clone morphism from C to C'.

By Theorem [Clone morphisms and algebras], if A is a bounded semilattice, then A is also a

left-regular band monoid.
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10.5

Let £ :=(S,N\{0},~) be an equational presentation.

A clone C admitting &£ as presentation is a of £.

Let = be the smallest clone congruence on FC-S containing ~ . Fix a clone isomorphism ¢ from
FC-8S/ = to C, and set ¢:=¢omo. where 7 is the canonical projection function from F(C-S to
The function ¢ is an of £ in C.

Cn

For any n € N, let ev®?  be the function defined, for any S, [n}-term t, by ovg L ti=eve 5, where s is
the G, [n]-term obtained from t by replacing each constant decoration ¢ by ¢-¢, and G is the

underlying graded set of C.

Let £ = (S,N\ {0},~) be an equational presentation, C be a clone realization of £, and ¢ be an

interpretation function of & in C. Then, for any n € N and any S,[n|-terms t and t', t =g ' iff

[} _ (o} Ny
LVc,n't =eve , t.
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Example

Let the clone Arra; := P-E/ =g, -
Let us identify each =gst; -Cclass [w}gﬁmtl of monochrome pigmented words by the unique monochrome
pigmented word of minimal length in [w]|-,, . For instance, we identify [2312]-, , with 231 since
[2312]=,.., = {231,2231,2331,2311,2311,2312,...}. Under this identification, the underlying graded set
G of Arra; is such that Gn, n €N, is the set of word on [n] having at most one occurrence of each
1€ [n].
We have for instance

vs5,6-3152-213-6132-3215-2-6512 = 32156.

It is possible to show that Arra; is a clone realization of the equational presentation LBMonoids
of left-regular band monoids. Let us assume this property.

Now, let ¢ be the function such that ¢m = 12 and ¢-c = €. This is an interpretation function of
LBMonoids in Arra;.

Let the MagC,N\ {0}-terms t:= mm2m2l;,mm2c3, and t' := mm22;ml13,. Since

Ve 57t = Vaa 37121221221y 121223 = 213

and

Ve a5t = Vama, 371212221213y = 213,

this shows that t =rBMonoids t -
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Exercise ooooo

Let M be a monoid with product * and unit e.

Let Eaq:= (Sm, N\ {0}, ~r1) be the equational presentation of M -pigmented monoids where Sy is the
signature containing a nullary constant u, unary constants p,, « € M, and a binary constant *, and
~m 1is defined by

*x12)3 ~aq %1 1x23),
*ul ~aq 1, *lu ~paq 1,
Pax12) ~aq *Pal;pa2),
Pall YA U,

Pa; Pazl| ~ M Pay «azls

pel ~M 17
for any «,ai,as € M.

Show that P-M is a clone realization of &nq.
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Tietze rules

Samuele Giraudo

297 / 334

INF889K




10.6

The consist in the following four rules allowing us to transform an equational
presentation & := (S,N\ {0},~) into another one:

[Constant Adding] Transform &£ into (S',N\ {0},~') such that there exists a new constant ¢ and
n € N such that &’ n=S8nU{c}, for any m € N\ {n}, & m=8m, and ~'=~ U{(cl...n,t)} where t
is an S, [n]-term;

[Constant Deleting] Transform & into &£ if £ is obtained from &’ through an application of the
Constant Adding rule;

[Elementary Identity Adding] Transform & into (S,N\ {0},~') such that ~ =~ U{(t;,t2)} where t;
and t; are two S,N\ {0}-terms satisfying (t;,t2) ¢ ~ and t; ~¢ to;

[Elementary Identity Deleting] Transform & into & if & is obtained from &’ through an
application of the Elementary Identity Adding rule.

Two equational presentations & and £’ having both N\ {0} as underlying set of variables are
if it is possible to transform £ into £ by means of the iterative application of the
Tietze rules.
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Recall that Groups is the equational presentation Groups:= (S,N\ {0},~) where S is the signature
containing a nullary constant e, a unary constant ¢, and a binary constant m, and ~ is defined by
mml2;3 ~ mlm23;, mel ~1, mle~1, muiljl ~e, and mlpgl ~e.

Recall moreover that PHeaps is the equational presentation PHeaps:= (S',N\ {0},~') where S’ is
the signature containing a nullary constant ¢ and a ternary constant p’, and ~’ is defined by
p'112 ~' 2, p'122 ~' 1, and p' p'12345 ~' p'12,p'345,.

Let us show that PHeaps and Groups are Tietze equivalent.
Set Py := PHeaps.

Starting from /), we apply three times the Constant Adding rule:
we add a new nullary constant ¢ together with the elementary identity
/
en~pe;
we add a new unary constant ¢ together with the elementary identity
11 ~o p/ele;
we add a new binary constant m together with the elementary identity

ml2 ~qg p’le2.
Let P, be the obtained equational presentation and let =;:=~p, .
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Example 2/6

In P, the five identities of Groups are derivable:

mml23 =1 p'p'le2ed =1 p'lep'2e3) =1 mlm23,
mel = peel = 1,
mle =1 p'lee = 1,

milil =1 p'pleleel =1 pelpleel; =1 plell = e,

mlgly =1 p'lep'ele, =1 p'legle =1 p'lle =1 e.

Hence, by five applications of the Elementary Identity Adding rule, we add the five elementary
identities of Groups.

Let P> be the obtained equational presentation and let =2 :=~p,.
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Example 3/6

In P, we have

A
e =2 €,

and
/

mmli2,3 =2 p p'lep’ee ed3 =2 p'lep peeed =2 p'lepe2pee3d

=, p'lep'e23, =» plee23 = p'123.

Hence, by two further applications of the Elementary Identity Adding rule, we add the two
elementary identities

/
e ~9g €
and

p'123 ~o mm112)3.

Let P3 be the obtained equational presentation and let =3:=~p,.
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Example 4/6

Starting from P3;, we now delete the three original identities of PHeaps.
This is possible because in F3, by removing respectively these identities, we still have

p'112 =3 mmlil;2 =3 me2 =3 2,

p'122 =3 mmli2;2 =3 mlmi22, =3 mle =3 1,

P p'12345 =3 mmmmlE2 3545 =3 mmmlE2,3,mid5

=3 mymli2,m3mud5, =3 mmlE2, mm3d5 =3 p'12p'345,.

Therefore, by three applications of the Elementary Identity Deleting rule, we delete
p'112 ~3 2,

p'122 ~3 1,
and
p' p'12345 ~3 p'12,p'345,.

Let P, be the obtained equational presentation and let =4:=~p,.
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Example 5/6

Starting from P,, we now delete the three identities

and

!
enry e,

il ~y plele,

ml2 ~y p'le2.

This is possible because in F,, by removing respectively these identities, we still have

and, since

we have

o /
e =4 €,

p/ele =4 mmeplje =4 mplie =4 1,

e =4 muee =4 e,

p'le2 =4 mmlie2 =4 mumle2 =4 ml2.

Therefore, by three applications of the Elementary Identity Deleting rule, we delete these three

identities.

Let Ps be the obtained equational presentation.
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Example 6/6

In P5, the constant p’ occurs only in
p'123 ~5 mm11i23.
Hence, by the Constant Deleting rule, we delete p’.

In the obtained presentation, the constant ¢ occurs only in
’
€ ~v5 €.
Hence, by the Constant Deleting rule, we delete ¢’.

The resulting equational presentation is exactly Groups.

Therefore, PHeaps and Groups are Tietze equivalent.
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Proposition [Soundness of the Tietze rules]

If an equational presentation & is obtained from an equational presentation £ by one Tietze rule,

then £ and £’ are equivalent.

An equational presentation & :=(S,V,~) is finite if the underlying set of S is finite and ~ is
finite.

Theorem [Tietze rules and equivalence of equational presentations]

Two finite equational presentations & and &’ having both N \ {0} as underlying set of variables are

equivalent iff £ and £’ are Tietze equivalent.

Examples

The equational presentations Groups and PHeaps are finite. Moreover, by the previous example,
Groups and PHeaps are Tietze equivalent. Hence, by Theorem [Tietze rules and equivalence of
equational presentations], Groups and PHeaps are equivalent.

Therefore, the variety of groups and the variety of pointed heaps are equivalent.

This shows that two varieties can be equivalent even when it appears that they are presented on

different signatures.
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Term rewriting programming

11.1. Computing with TRSs and rewrite
strategies
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|_ 11.1 Term rewriting programming / Computing with TRSs and rewrite strategies —l

TRSs can be used as computing frameworks. Indeed, if T = (S7V7—>) is a TRS,

[] rewrite relations = describe how to make a computation progress: if t=t, where t and t' are
S,V-terms, t' is the nezt step of computation from t;

[l normal forms of 7 are the values of the computation: if t' €t where t is an S,V-term, then
t' is a computation result of t.

Thus, TRSs form a programming paradigm where S encodes what are the syntactically valid expressions
and V encodes what are the allowed variables.

Example

Let 7 := (S,N,—) be the TRS such that S is the signature containing three nullary constants true,
false, and zero, two unary constants succ and even, and a ternary constant if.

Let — be the elementary rewrite relation defined by iftruel2 — 1, iffalsel2 — 2, evenzero — true,
even succ zeroj — false, and even succsuccl; — evenl.

Then, the S,N-term t:=if \even\succ succ |succ zero Htl to encodes the expression

if even 3 then t1 else t2.
Its computation in 7 is
t = if evensucczerojt;t; = iffalset;ta = ts.

Hence, a normal form of t; is a computation result of t.
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There are two main approaches:

a program is encoded by a TRS 7 := (S,V,—) where the elementary rewrite relation — represents
a set of instructions, and input data is an S§,V-term f{;

a TRS 7 :=(S,V,—) is fixed once and for all, and an S,V-term t encodes both a program and
input data.

Here are some remarks about these two approaches when working with a TRS 7 := (S,V,—)

when 7 is not terminating, for some input, the computation can diverge;
when 7 is not confluent, for some input, the computation can be non-deterministic;

when t is a terminating S,V-term, the computation of a result from t in 7 may require more or
fewer computation steps.
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1.1

A on an ARS A:= (X,=) is a partial function s from X to X such that
for any » € X, sw is defined iff x is not a normal form of A;

if sz is defined, then = = s-x.

Let A:=(X,=) be an ARS.

For any strategy s on A and any z,2’ € X, we write x =, 2’ for the fact that 2/ = s:z. In particular,
= is a rewrite relation on X. Moreover, for any z € X, let s" -z := =

A rewrite strategy s on A is for x € X if the set s"-x contains a normal form of A.
When s is normalizing for all z € X, s is

Given two rewrite strategies s and s’ on A and z € X, s s’ for x if

either s is normalizing for x and s’ is not normalizing for z;
or both s and s’ are normalizing for z and #s" -1 < #s” -a2).

When s dominates s’ for all z € X, s s'.
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Let the ARS A:= (N\ {0},=) where = is defined by n = k for any n,k € N such that k is a proper
divisor of n. The only normal form of A is 1.
Let s be the strategy on A such that for any n € N, s is the greatest proper divisor of n. For

instance, s-123 =41 since 123 =3 x 41. Since A is normalizing, s is normalizing.

Let the ARS A:= (N,=) where = is defined by n = k for any n,k € N such that n is even and k > n.
The normal forms of A are the odd natural numbers. Moreover, since for any n € N such that n is
even, we have that n = n+ 1 and that n+ 1 is odd, so a normal form, A is normalizing.

Let s; be the strategy on A such that for any n € N such that n is even, s;n:=2n. This
strategy is not normalizing.

Let s» be the strategy on .4 such that for any n € N such that n is even, syn:=n-+1. This
strategy is normalizing.

Let s3 be the strategy on A such that for any n € N, if n is divisible by 4, then sz n:=n-+1,
and if n is divisible by 2 but not by 4, s3n:=2n. This strategy is normalizing.

The strategy si1 is dominated by s2, and s3 is dominated by s2.
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Let 7 :=(S.,V,—) be a TRS and < be a total order relation on the rewrite rules of 7.

The (resp. ) < is the rewrite strategy sf such that for

any t€ T-S'V, if t is not a normal form of 7, then sfitzz t" where t' is obtained from t by

modifying the leftmost (resp. rightmost) factor such that its root has no proper descendent on

which a one-step rewrite can be made.
This rewrite strategy is analogous to the call-by-value evaluation strategy of programming
languages.

<

The (resp. ) < is the rewrite strategy s5 such that for

any t€ TSV, if t is not a normal form of 7, then s5-t:=t where t is obtained from t by

modifying the leftmost (resp. rightmost) factor such that its root has no proper ancestor on

which a one-step rewrite can be made.

This rewrite strategy is analogous to the call-by-name evaluation strategy of programming
languages.

If several rewrite rules of 7 can be considered at a given position, the smallest w.r.t. < is
considered.

000
Provide a description of the rewrite strategies sf and sf by using rewrite positions and properties
on these (like lexicographic order).
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Let the TRS 7 := (Sy2,N,—) such that 71 :=c2lci — 1, r2:=c212 = ¢, and 73 := 212 — c2lcp. Let the
total order relation < on the rewrite rules of 7 such that r; <7y <73.
Let

t:= ng‘CQ C223 C1Co ‘2‘C22 Cll B

By the left <-innermost rewrite strategy, t is rewritten at position 11 by using 7.
By the right <-innermost rewrite strategy, t is rewritten at position 3 by using 7.
By the left <-outermost rewrite strategy, t is rewritten at position 1 by using 7.

By the right <-outermost rewrite strategy, t is rewritten at position 3 by using ri.

In general, neither the innermost strategy nor the outermost strategy dominates the other.

For the next examples, let S be the signature containing four nullary constants a, b, ¢, and d, two
unary constants [ and g, and one binary constant h.

We shall also consider only the left variations of these strategies and we need not specify any
total order < on the considered rewrite rules.
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11.1 Term rewriting programming / Computing with TRSs and rewrite strategies

Example [s; normalizing but s, notl

E::th::eTzs, I\I7-—t:<-:‘:1~rf1$t7 I:i??qasrlc:;e tll::;e fan f@ o
t=s fa
and
t=s, 999, = f999%, =0 f 99999, =so -
Hence, for a same S,N-term, the innermost rewrite strategy on 7 leads to a normal form while the

outermost rewrite strategy leads to an infinite rewrite sequence.

Example [s, normalizing but s; not]

Let the TRS 7 := (S,N,—) such that f1 — a and gl — ggl,.
From the & ,N-term t:= fga,, we have

t=s f99% = f999%, = f9999% =

and
t =, a.
Hence, for a same S,N-term, the outermost rewrite strategy on 7 leads to a normal form while the

innermost rewrite strategy leads to an infinite rewrite sequence.
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11.1 Term rewriting programming / Computing with TRSs and rewrite strategies

Example [s; dominates s,]

Let the TRS 7 := (S,N,—) such that f1 — hll, haa — b, and ¢ — a.
From the S,N-term t:= fc, we have
t =5 fa = haa =4 b
and
t =5, hece =5, hac =, haa =5, b.

Hence s; dominates s, for t in 7.

Example [s, dominates s;]

Let the TRS 7 := (S,N,—) such that f1 —a, ga—b, gb—c, gc—d.
From the & ,N-term t:= f ggga, , we have

t=s f99b, =s flgg =s fd=s a
and
t =, a.

Hence s, dominates s; for t in 7.
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Term rewriting programming

11.2. Constructor term rewrite systems
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|_ 11.2 Term rewriting programming / Constructor term rewrite systems

Definition

A constructor TRS (CTRS) is a quadruple (C,F,V,—) where C is a signature, called the underlying
signature of constructors, F is a signature, called the underlying signature of functions, and such
that
1. the underlying sets of C and F are disjoint;
2. the triple 7 :=(CUF,V,—) is a TRS;
3. for any rewrite rule (t,t') of 7, t is a CLF,V-term of the form t= ft;...t, where f € Fn,
n €N, and t,...,t, € T-C-V.

A CTRS C:= (C,F,V,—) defines the TRS (CUF,V,—), called the 7RS of C. We use the previous
notations and notions in the context of TRSs, here on the TRS of C.

Example

Let C:= (C,F,N,—) be the CTRS defined as follows. Let the signature C containing the three
nullary constants true, false, and zero, and the unary constant succ. Let the signature F
containing the three unary constants not, even, and odd. Let — be the elementary rewrite relation
defined by nottrue — false, notfalse — true, evenzero — true, even succzero — false,

even succsucc 1, — even1l, and odd1 — notevenl,.

The quadruple C is a CTRS.

I_ Samuele Giraudo 318 / 334 INF889K



11.2

CTRSs can be used as a programming framework:

constructors make the data manipulated by the program;

functions are the computing units of the program;

elementary rewrite relations describe how to compute the result of applying a function to a
sequence of values.

They form a simplified version of pattern matching of functional programming languages.

There are some interesting points about a CTRS C:= (C,F,N,—):

any critical data (rq,u,72) of C is such that u=¢. In other words, left members of rules of C
can overlap only at the root;

Any C,V-term is a normal form of C. The converse is false.
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Definition

A recursive program scheme (RPS) is a CTRS C:= (C,F,N,—) such that
1. for any rewrite rule (t,t') of C, t= fuvi...v, where f€Fn, neN, vi,...,v, €V, and v; = vy
implies i = i';

2. for any f € Fn, n€N, there is exactly one rewrite rule of C of the form of 1..

Example

The CTRS ¢ := (C,F,N,—) such that C is the signature containing the nullary constant | and the
binary constant n, F is the signature containing a binary constant f and a ternary constant g, and
— is defined by f12 — n2l and gl23 — nnl2;n23,.

It is immediate that any RPS is orthogonal.

Hence, by Theorem [Confluence of weakly orthogonal TRSs], any RPS is confluent.
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[_ 11.2 Term rewriting programming / Constructor term rewrite systems

Theorem [CTRSs and universality of computation]

For any computable partial function f between two sets X and Y, there exist a CTRS C;:= (C,F,V,—)
and two coding functions cx : X — T CUF}) and ¢y : Y — T C L F}-0) such that, for any = € X,

[l if f.x is defined, then cx-x has Cy~d:5 as a normal form in Cy;

[l otherwise, cx-r has no normal form in Cf.

Theorem [CTRSs and universality of computation] says that CTRSs form a Turing-complete programming
language.

Theorem [Decidability of normalization in RPSs]

The problem of deciding, given an RPS C  := (C,F,V,—) and a (CUF,, V-term t, whether t admits a
normal form in C is decidable.

Theorem [Decidability of normalization in RPSs] appears in [Zz. Khasidashvili, Optimal normalization in

orthogonal term rewriting systems, 1993].

Since normalization on a given input is undecidable for any Turing-complete programming language,
Theorem [Decidability of normalization in RPSs] implies that RPSs are not Turing-complete.
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11.2 Term rewriting programming / Constructor term rewrite systems

Exercise oeoooo

Define a CTRS which

and exponentiation.

represents natural numbers (as Peano integers), their addition, multiplication,

Exercise oocoo

Define
Define
Define

W N -

Define

a CTRS
a CTRS
an RPS
an RPS

which is not an RPS and is not terminating.
which is not an RPS and is is not confluent.
which is not terminating.

which is not confluent.

Exercise ooooo

Define a CTRS able to represent, in particular, the OCAML expression

if x = y then e else e’

where x and y are any natural numbers, and e and e’ are any expressions.
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11.3.

Term rewriting programming

Applicative systems
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|_ 11.3 Term rewriting programming / Applicative systems
A signature § is applicative if S§-2 is a singleton and for any n € N\ {0,2}, Sn=10.

The unique element of arity 2 of an applicative signature is denoted by e. This constant is the
application constant.

For any set (', let [C] be the applicative signature such that [C]-0=C.

Example

The applicative signature [{a,b,c}| is such that [{a,b,c}|-0 = {a,b,c}, [{a,b,c}]-1 = 0, [{a,b,c}]-2 = {eo},
and [{a,b,c}]'n =0 for any n > 3.

Given a signature S and a set of variables V, an S,V-term is applicative if S is applicative.

Given an applicative §,V-term t, the concise notation of t is obtained by deleting all symbols e
from the applicative notation of ft.

Example

Let us consider the previous applicative signature. The labeled S-term e eeqeba;l ebe2l; admits
atbaj1,b)21), as concise notation.
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[_ 11.3 Term rewriting programming / Applicative systems

Let S be a signature and V be a set of variables.
The curried version of & is the applicative signature cur-S such that cur-S-0=|[], Sn.

The curried version of an §,V-term t is the cur-S,V-term cur-t defined by

v if t=v and v €V,
cur-t :=
o o ccur-ty ...“cur-tm otherwise, where t=ct;...t,,ceSn,neNt,...,t, € TS V.
Example

Let the labeled Sy2-term
t:= C31 C2Cp C12 C32C03 o

The curried version of { is the labeled cur-Sy2-term

cur-t = olo\ocs,l“o\choJ c12 mc\o\ocs2JcoJ3J.

Note that the applicative notation of an S,V-term t and the concise notation of cur-t are the same

strings.
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11.3

A TRS 7T is if its underlying signature is applicative.

Given a TRS 7 := (S,V,—), the version of 7 is the TRS cur-7 := (cur-S,V,cur- —) such that
cur- — is the elementary rewrite relation defined by (cur-t, curt’) € cur- — if t and t are two
S,V-terms such that t—t'.

Let the TRS NatAdd := (S,N,—) such that S is the signature containing one nullary constant z, one
unary constant s, and one binary constant a, and such that alz — 1 and alis2) — sal2.

In cur-NatAdd, the underlying applicative signature contains z, s, and a as three nullary constants.
Moreover, the elementary rewrite relation of this TRS is defined by

eealiz cur- — 1
and

e eqljes2| cur- — eseeal2,.

By construction, the curried version of a TRS is an applicative TRS.
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Theorem [Curried version of TRS and termination preservation]

Let 7 be a TRS. If 7 is terminating, then cur-7 is terminating.

This result appears in [J. R. Kennaway, J. W. Klop, M. R. Sleep, F. J. de Vries, Transfinite reductions in orthogonal

term rewriting systems, 1995].

Theorem [Curried version of TRS and confluence preservation]

Let 7 be a TRS. If 7 is confluent, then cur-7 is confluent.

This result appears in [S. Kahrs, Confluence of curried term-rewriting systems, 1995].
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Term rewriting programming

Combinatory logic
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[_ 11.4 Term rewriting programming / Combinatory logic _]

A basic combinator is a triple b:= (¢,n.,t.) such that

[l ¢ is a symbol, the constant of b;
[ n. e N\ {0} is the order of b;
[] t. is a labeled {e}-term such that rkyt.<n., called the right member of b.

Definition

A combinatory logic system (CLS) is an applicative TRS C:= (S,N\ {0}, —) such that for any c € S-0,
there is a unique basic combinator (c,nc,t.) such that
cl...n.— ¢,

and all rewrite rules of C are of this form.

Example

Let S be the applicative signature [{a,b}|]. Let the basic combinators (a,4,11)213;2) and
(b,3,21133)122)), and let us denote by C the CLS specified by S and these two basic combinators.

The elementary rewrite relation = of C satisfies al1234 — 1112132 and 0123 — 2133;22.

A combinator of a CLS C having S as underlying applicative signature is a ground labeled S-term.
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Here are some basic combinators:

(I,1,1); (W, 2,112); 1 (C,3,132);
(M, 1,11); ¢ (L,2,1122); ¢ (V,3,312);
(K,2,1); ¢ (0,2,212); : (B,3,123);
(T, 2,21); . (U,2,2112); . (S,3,1323).

Most of these appear in [R. Smullyan, To Mock a Mockingbird, 1985].

Some of these are very concrete:
The Idiot Bird, satisfying for any z, Iz — x, is the identity function;

The Kestrel, satisfying for any o and z, Kax — o, allows us to build constant functions.
Indeed, Ka is the function sending any = to «;

The Thrush, satisfying for any f and =z, Txf — fx is the reverse application function. In
0CaML, this function is denoted by (I>);

The Bluebird, satisfying for any fi, fo, and =, Bf fox — f1,for; allows us to compose functions.
Indeed, Bfifo is the function sending any x to the application of f; on the application of f,
on .
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Proposition [Confluence of CLSs]

Any CLS is confluent.

This is a consequence of the fact that any CLS is orthogonal and Theorem [Confluence of weakly
orthogonal TRSs]. Indeed, the leftmost symbol of any left-hand side of a rewrite rule of a CLS is
a unique constant of arity 0 of its underlying signature.

Nevertheless, CLSs are in general not terminating.

Example

Let C be the CLS on the two basic combinators I and S.
Let t:= S|SIII.
Observe that for any variable v,

tv = SSILIv = SITvlvy = Ivdvlvy = vlvdy = veoldy = vov.
As a consequence,

="ttt ="ttt =" ..

is an infinite rewrite sequence in C.

L Samuele Giraudo 331 / 334 INF889K J



|_ 11.4 Term rewriting programming / Combinatory logic —l

Let C:=(S,N\{0},—) be a CLS.

Any labeled S-term t is seen as a function: given a sequence t,...,t,, n € N, of labeled S-terms,
the iterated application tt;...t, is the application of t to the arguments t;, ..., t,.

Let =, be the eztensional relation, defined as the smallest equivalence relation on T-S-N\ {0} such
that, for any labeled S-terms t and v,

[l if t=1t, then t=,t;
[ if tv =, v, where v is any variable having no occurrence in t and t', then t=,t.

Intuitively, when t=.t, the labeled S-terms t and t', seen as functions, have the same behavior on
generic arguments.

Example

Let C be the CLS on the three basic combinators I, K, and S.
Let t:= SK and t' := KI. Since
t12 = SK12 = K212 = 2
and
{12 =KI12 =12 = 2,

we have t=,t .
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Let C:=(S,N\ {0},—) be a CLS.
Let s be a labeled {0}—term such that rk,-s =n, n>1. When there is a combinator t of C such that
tl...n="s,

the combinator t computes s, and § is computable in C.

Example

Let C be the CLS on the two basic combinators K and B.
Let the labeled {e}-term s:= 12345;. The combinator t:= KBBBBB, computes s. Indeed,

112345 = KBBBBB,12345 = BIBBB12345 = BBB)12;345 = B B112)345 = B1234,5 = 12345, = 5.

Definition

A CLS C is combinatory complete if all labeled {e}-terms are computable in C.
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Theorem [Turing completeness of combinatory complete CLSs]

Let ¢ := (S,N\{0},—) be a combinatory complete CLS. There exists a translation function t > ()
from A-terms to labeled S-terms such that, for any A-terms t and t', if t reduces to t' in the
A-calculus, then (t) =" (t).

Theorem [Combinatory completeness of the CLS on K and S]

The CLS on the two basic combinators K and S is combinatory complete.

This result appears in [H. B. Curry, R. Feys, Combinatory Logic, Vol. I, 1958]. See also [M. Schénfinkel, Uber die

Bausteine der mathematischen Logik, 1924].

There are other known combinatory complete CLSs. For instance, the CLS on the four basic
combinators B, C, K, and W is one of these [H. B. Curry, Grundlagen der kombinatorischen Logik, 1930].

Theorem [Minimal order of basic combinators of complete CLSs]

Any combinatory complete CLS has at least one basic combinator of order 3 or more.

This result comes from [R. Legrand, A Basis Result in Combinatory Logic, 1988].
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