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[_ 5.2. / Term series / Products on series

For any set Y and n €N, an n-operation on Y is a function of type

Y—»...=2Y Y
—_——

n times

Note that a (-operation is a constant.

Given a 2-operation # on a set Y, for any k > 1, let %) be the k-operation defined recursively,
for any yi,...,yr €Y, by

Oy oy = Y if k=1,
9'\9(]671)'2/1' + Yk—1;Yr Otherwise.

Example

Let the alphabet A := {a,b} and let the 2-operation ¢ on A" satisfying 6-w;-ws; = w;.w, for any
wi,we € A"

This 2-operation 0 has type A" — A" — A".

The 3-operation 6®) has type A" — A" — A" — A* and satisfies, for any w;,ws,ws € A,

() i mmoas = Or(Damn T = —
w1 W2 W3 = W1-W2 w3 = (W1 W2) « W3 = W1 « W2 » W3-
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Let K be a field, X be a set, and 0 be an n-operation on X.

The extension of 0 on K((X)) is the n-operation € on K((X)) defined, for any fi,....f, € K{((X)), by

[ZB [P - Z H (2, ) | -2y -+ 2.

(21,...,xn)EX™ \i€[n]

In other words, 0 is the multilinear function induced by 6.

Note that O-f;- --- -f, may not be well-defined.

Example

Consider the alphabet A and the 2-operation § on A™ of the previous example.

We have

0-1a + bbj-jaa + 2b 4 ba; = aaa + 2ab + aba + bbaa + 2bbb + bbba,

and

0- Sowre Y wa = Z 0-w1-ws = Z w1 «ws = € + 2a + 2b + 3aa + 3ab + 3ba + 3bb + - - - .

w1, w2 EA* wi, waEA*
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Exercise ooooo

Let K be a field and X be a set. For any n € N and ¢ € N, let 7m; be the n-operation on X such
that for any x1,...,7, S X, mixy o T = x;. Provide a description of 7,-fi---- -f, for any
fi,..., 5 e K{(X)).

Exercise ooooo

Give an explicit example of a 2-operation ¢ on a set X such that 0-fi-f» is not well-defined for
some fi,f> € K((X)) where K is a field.

Exercise ooooo

Let the alphabet A := {a,b}. Let the 2-operation # satisfying 0-wi-ws = w;.ws for any wi,ws € A".

Give, for any w € A", an explicit expression for the coefficient

w,&- Z Ea~w1 w1 - Z Kb"l,UQ W2
‘wleA* | "UJQGA* |
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Proposition [Multilinearity of extensions of operations]

Let K be a field, X be a set, and  be an n-operation on X. If the extension 0 of 0§ on K((X)) is

well-defined, then 0 is multilinear.

Proof. Let f,... f, e K(X)), acK, i€ n|, and f/ € K((X)). By multilinearity (in particular in
its second argument) of the canonical pairing, we have

O .of £ =D I (@) | (@i ofi +£) 621 - -z
(@102 )EX™ \FE[nI\{i}

- ¥ [T () oty om ot 3 [T ) | (wf)0m o

(@1,..mn)EX™ \je[n]\{i} (z1,..n)€X™ \J€[n]\ {3}

—alf .. e O

This shows the linearity of ¢ in its i-th argument.
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Proposition [Coefficients in series with extensions of operationsl]

Let K be a field, X be a set, and  be an n-operation on X. If the extension 0 of 0 on K((X)) is
well-defined, then for any fi,...,f, € K((X)) and z € X,

(2,061 - £,) = Z [z =021 - zn) H(xi7fi>.
]

(@1,..,@n)EXT i€n

Proof. By multilinearity (in particular in its second argument) of the canonical pairing, we have

(2,0F,- - £,) = <x, Z H (i, £) | -1 - $n>
(z1,..

LZp)EX™ \i€[n]

_ Z H (i, £) | (2,021 - -z,)

(T1,sn ) EX™ \i€[n]

_ Z H<xi7fi> [z =021 - 2]

(15,0 )EX™ \i€[n]
This shows the statement.
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Let G:= (X,1k) be a graded set. An n-operation ¢ is rk-graded if, for any xi,...,x, € X,
rk-6-xq- - xy, =1k + -0 tkexy,.
Examples

Let A be an alphabet.
[] The concatenation operation . on A" is an (-graded 2-operation. Indeed, for any wi,ws € A",

lowy «woy = Ly + Cws.

[] The reversal function w+— w" on A" where, for any w € A" and i€ [(-w], w'i:=wlw—i+1 is
an /-graded l-operation.

[J The l-operation #:=w > w4 on A" where, for any w € A" and A C A, wiar is the subword of w
consisting of its letters belonging to A’, is not /-graded. For instance, for A := {a,b,c},
A" :={a,b}, and w := abca, we have (-0-wj = (-aba =3 # 4 = {-abca = (-w.

Nevertheless, 0 is /,-graded for any z € A

If 0 is an rk-graded 2-operation, then for any k > 1, then #*) is also rk-graded (follows by
induction on k).
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Proposition [Graded operations and traces]

Let K be a field, (X,rk) be a combinatorial graded set, and 0 be an rk-graded n-operation on X.
If the extension § of # on K((X)) is well-defined, then

troc @t - Any = H b f; where || is the iterated product on monomials.
i€[n]

Proof. By definition of ¢ and tr,x, by linearity of try, and since ¢ is rk-graded, we have

troe O - £ = troge Z H (z:,£) |0-21- - zn
(T1yeyTn ) EX™ \i€[n]
= ¥ I @) |raczr - an = S I (i) |2c@za o Zny
(1., xn)EX™ \i€[n] (T1,e0yTn ) EX™ \i€[n]
_ Z H <-75i7fi> Zrk'x1+"'+rk'x" _ Z H <xi7fz’> Zrk'xi
(1,...,xn)EX™ \i€[n] (1,...,xn)EX™ \i€[n]
= H (Z <I, f1> Zrk-r) = H trrk'fi‘
i€[n] \z€X i€[n]
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The integer sequence of a combinatorial graded set G := (X,rk) is the sequence (#-G1)), -

An approach to compute the entries of the integer sequence of § consists in providing a description

of the generating series (G) of §.

Here are the steps:

1.

2.

5.

Set K=R or K=0Q.

Consider a collection {0;:i¢ € [k]} of rk-graded n,-operation on X, where n; € N, i€ [k], ke N.

. Express the characteristic series [X]| of X via a system of equations using the extensions 6,

on K((X)) of the 6;, i€ [k].

. By applying the rk-trace function tr,, on both sides of the equations of the system, transform

the previous system of equations of series of K((X)) into a system of equations on formal
power series of K((Mon-Z)).

Use the previous equations to express, for any n € N, the coefficient (z",(G)).

It follows from Proposition [Graded operations and traces] that for any n € N, (z" (G)) = #:Gn, as

expected.

L
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Let us give some examples fitting in this framework, involving the enumeration of some families of
paths.

A path is a nonempty word on N. The rank rk-p of a path p is (p— 1.
Let P be the graded set whose underlying set is the set of paths and rank function is rk.

A path p of rank n— 1, n>1, is drawn as the set of points {(i — 1,pi):4 € [n]}, where any pair of
adjacent points is connected by a step.

Note that the rank of a path p is the number of steps of p.

Example

The path 1240011 has rank 6 and is depicted as

/
{1\ ,
TIILENT
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The concatenation of paths is the 2-operation # defined for any p; € P ny —1,, ny > 1, and

p2 € Png—1;, no >1, by

Tk Py-p2 if p1-ni < pal,
0-p1-p2 := - , ) h
1+ Tk Py, otherwise,

where for any w € N* and j €N, 1; -w is the word obtained by incrementing by j each letter of w,
k:=|p1n1 —p2-1|, and p| (resp. p)) is the word obtained by deleting the last (resp. first) letter

of p; (resp. p2).

Example
0O)
% %%’ \ \
Exercise ooooo Exercise ooooo
Prove that the 2-operation ¢ on paths is Prove that the 2-operation # on paths is
rk-graded. associative.
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Let DP be the graded set of Dyck paths, defined as the sub-graded set of P containing the paths
whose first and last letters are (0, and obtained by iterated concatenation via ¢ of the paths 01
and 10.

By denoting by X the underlying set of DP, we have

X]= o + gt + shwmy + AR + orvten + RN + PRA + g + R 4

Lemma [Decomposition of Dyck paths]

If p is a Dyck path, then
1. either p= o;

2. or there exists a unique pair (pi,p2) of Dyck paths such that

p= 0(4> &) “p1- % “pa.

Exercise ooooo

Prove the previous lemma.
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From Lemma [Decomposition of Dyck paths], it follows that the characteristic series of DP satisfies
the equation in K((P))

[X]= o +6@)- g2 [X] % -[X].
By considering the images by the function tr; on both sides of the previous equation, and since 0
is rk-graded,
(DP) = 1+ z2(DP)>.
From this, we obtain that for any n €N,

1 if n=0,

EHOPIZ S [m b =n 2] (2, (OP)) (27, (DP))  otherwise.

By computing the first values, we obtain that the integer sequence of DP starts by
1,0,1,0,2,0,5,0,14,0,42,0,132,0, 429, 0.

By deleting the zeros, this is the Catalan integer sequence (A000108).
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Let MP be the graded set of Motzkin paths, defined as the sub-graded set of P containing the paths

whose first and last letters are 0, and obtained by iterated concatenation via ¢ of the paths 01,
10, and 00.

By denoting by X the underlying set of MP, we have

[X]= 0 + o0 + ooo + g + o000 + 55 + KBy + AR+ -

Lemma [Decomposition of Motzkin paths]

If p is a Motzkin path, then
1. either p= o;
2. or there exists a unique Motzkin path p; such that
p =000 p1;
or there exists a unique pair (pi,p2) of Motzkin paths such that

Exercise ooooo

Prove the previous lemma.
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From Lemma [Decomposition of Motzkin paths], it follows that the characteristic series of MP
satisfies the equation in K((P))

[X] = o +6 oo [X] + 0@ £ [X] % -[X].

By considering the images by the function tr; on both sides of the previous equation, and since 0
is rk-graded,

(MP) = 1 4 z(MP) + z22(MP)>.
From this, we obtain that for any n €N,

1 if n=0,

(Z"7L(MP)) + 3 [n1 4+ no =n—2](z",(MP)) (z"2,(MP)) otherwise.
ni,ma €N

(2" (MP)) =

By computing the first values, we obtain that the integer sequence of MP starts by
1,1,2,4,9,21,51,127,323,835, 2188, 5798, 15511, 41835, 113634, 310572

This is the sequence of Motzkin numbers (A001006).

L Samuele Giraudo 130 / 202 INF889K


http://oeis.org/A001006

/ Term series

5.4. Term series and substitutions

Samuele Giraudo 131 / 202 INF889K




[_ 5.4. / Term series / Term series and substitutions

Let & be a signature and V be a set of variables.

Let t be an S,V-term and v;...v,, n € N, be a sequence of pairwise distinct variables of V.

The t,vy...v,-grafting operation is the n—operation 9t,v1“.v on T-S-V defined, for any

Lo, €TS8V, by

n

at,vl...vn'tll' e 't'/n = t[{(vlv tll)v 0oog (’Um t;L)}]

Example

By considering the signature Sy2, the set of variables Vy, and by setting t:= cpciv3)Cavive), we have

Ht,vlvgvg'\C3V2V2V4HC1V1J' C2V2|CaV1Ve), = C2\C1\C2V2\C2V1V6”HCQ\C3V2V2V4HC1V1”.

If K is a field, an S,V-term series is a K,T-S'V-series.

Such t-grafting operations, together with S,V-term series, can be used to describe characteristic
series of some families of &,V-terms in order to enumerate them w.r.t. some adequate rank
functions.
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Let §:=(C,ar) be a signature and V be a set of variables.
Let t be an S,V-term, v;...v,, n €N, be a sequence of pairwise distinct variables of V.
By setting V :={vy,...,v,}, for any S,V-terms t|,...,t,

[] for any v eV,

Co-Brvnwgths oty = [V E V]It + Y oty Lot

i€[n]
When Vars-t =V and t is linear, the n-operation 0y,, ., is /,-graded. In this case, 0y, .,
also (y, —graded;
(] for any ce C,
gc'ﬂt,vlu.vn'tll' »,;J - E t+ Z vy
76 rL

When Vars-t=1V, t is linear, and /.-t =0, the n-operation 0¢,, ., is {.-graded.

Exercise ooooo

Let S be a signature and V be a set of variables. Provide a necessary and sufficient condition for
a rank function rk, an &,V-term t, and a sequence vi...v,, n € N, of pairwise distinct variables of
V for the fact that the n-operation 0.,,..

is a rk-graded.

Un
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An alternating unary binary tree is an Example
Sye2, 0-term t such that
C2
1. any internal node of t is decorated on Cl/ \cl
{CQ,Cl,CQ}; cIU CIZ
) Here is an alternating / N\
2. for any positions w and w . 7 in t such unary binary tree: ? T
that j € N\ {0}, the decorations of the e
internal nodes at positions u and w.j in Co ?
t are different. Co

Let AUB be the graded set whose underlying set is the set of alternating unary binary trees and
rank function is /., . Recall that this function sends each alternating unary binary tree t to the
number of internal nodes of t decorated by c¢g.

Exercise ooooo

Prove that the graded set AUB is combinatorial.
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The 1-grafting of Sy2,Vn-terms is the l-operation 0 := 0, v, -

Similarly, the 2-grafting of Sy2,Vy-terms is the 2-operation 6 := O,y vs.vivs -

Examples

On alternating unary binary trees, we have
O 91"C2\C1C0HC1C0H = C1‘C2\C1C0HC1C0H; O 02'\C1C0\-‘C1\C2C0C0H = C2\C1C0HC1\C2C0C0H.

Exercise ooooo

Prove that the l-operation ¢; and the 2-operation #> on Syz,Vin-terms are /.,-graded.

Exercise ooooo

Prove that the 2-operation > on Sy2,V-terms is not associative.
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By denoting by X the underlying set of AUB, we have

[X] = co + c1co + cacoCo + C2CoC1C0; + €2/C1C0 Co + C2/C1C0;C1C0; + €1C2C0C0; + C1,C2C0,C1C0

+C1\C2 €1C0,C0, + €1,€2/€10)€1C0), + C2C0 C11C2C0C0 + coCq C1,C2Co(C1Coy, + - - -

Lemma [Decomposition of alternating unary binary trees]

If t is an alternating unary binary tree, then
1. either t=cp;

2. or there exists a unique alternating unary binary tree t; having root decorated by cy or by co
such that t=0;t:;

3. or there exists a unique pair (t;,t2) of alternating unary binary trees having roots decorated
by co or by c; such that t=0>-{;-ts.

Exercise ooooo

Prove the previous lemma.
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From Lemma [Decomposition of alternating unary binary trees], it follows that the characteristic
series of AUB satisfies the following system of equations in K((T-Sn2-Vy)):

[X] = co + 01-[Xa] + 02 [X1]-[X1],
[X1] = co + 61-[X2],
[Xa] = co + 62-[X1]-[X1],

where X; is the subset of X consisting of alternating unary binary trees whose roots are decorated
by ¢y or by c;, and where X5 is the subset of X consisting of alternating unary binary trees whose
roots are decorated by ¢y or by co.

By considering the images by the function tr,_  on both sides of the previous equations of the
system, and since 0; and #, are /., -graded,

(AUB) =z + f, + 7,
fl :Z—‘y-fg7
fo =z +f2,

where fi := try [Xi] and f5:= try [Xo].

<o

L Samuele Giraudo 137 / 202 INF889K _



[ 5.4.

/ Term series / Term series and substitutions

From the previous system of equations, we obtain

(AUB) = 2f; and B = Aty

so that, for any n €N,

0 if n=0,
1 if n=1,
(2" (AUB)) = 2(z",f5)  and (2", f2) = ¢4 if n=2,
2z L)+ > [ni+ng=n] (2™, f)(z",f) otherwise.
ni,no€n—1]
By computing the first values, we obtain that the integer sequence of AUB starts by
0,2,8,32,160,896, 5376, 33792, 219648, 1464320, 9957376, 687964 16.
Exercise ooooo
Give a very simple combinatorial argument showing that for any n > 2, (z",(AUB)) = 2""'cat:n — 1,
where, for any k €N, cat-k = (%ﬂ%ﬂ is the number of binary trees with £ internal nodes.
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Exercise ooooo

Let X be the set of SNz,Q)-terms t such that any internal node of t is decorated on {co.,cz,c,g} and
any internal decorated by c3 has no child which is an internal node decorated by co.

1.
2.

Prove that the graded set (X, /) is combinatorial.

Define some grafting operations allowing us to decompose any Sy, (-term of X in a recursive
way.
Provide a system of equations for [X| using the extensions of the previous grafting

operations.

Deduce from this system of equations a system of equations for the generating series ((X,/))
of (X,/l).

Deduce from this system of equations a recurrence formula to compute the terms of the integer
sequence of (X, /).
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