W aiko / Termination / Normal forms and pattern avoidance

Exercise ooooo

Let N be the set of variables N\ {0} and, for any m € N, S,, be the sub-graded set of Sy
consisting of {co;:i € [m]}.
For any m € N, let the TRS FCat,, := (Sm, N, ) such that —,, satisfies
C2,i+51Ci12;3 —m cQﬂ-lM
for any i,j € [m] with i+ j € [m].

Describe a system of equations in K((%-S,,-N)) for the planar normal forms of FCat,,, m € N.

Exercise ooooo

Let N be the set of variables N\ {0} and S be the sub-graded set of S, consisting of
{c2,0,c2,1,C22}.
Let the TRS Schr:= (S, N,—) such that — satisfies

€2,0,C2,0123 = €2,01/€2,023), €2,1C2,2123 — 2,212,123}, C2,0/C2,1123 = €2,01/€2,223), C2,1C2,0123 — ¢2,01/¢2,123,,

C2.0 C27212 3 — C2,21\C2,023J, C271\C2,112J3 — C2,11\C2,023J, C272\C27012J3 — C2721 C2,223 .

Describe a system of equations in K((¥-S-N)) for the planar normal forms of Schr.
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[_ 7.2. / Termination / Reduction relations

Let A:=(X,=) be an ARS.

A binary relation ~» is a termination witness of A if the ARS A’ := (X,~») is terminating and A is
a sub-ARS of A'.

Proposition [Termination witnesses]

An ARS A is terminating iff A admits a termination witness.

Proof. Let us denote by = the rewrite relation of A.
Assume that A is terminating. In this case, = is trivially a termination witness of A.

Conversely, assume that A admits a termination witness ~-. Assume that (u,,;)ieN is an infinite
rewrite sequence in A. For any i€ N, w; = u;y1. Since, by hypothesis, A is a sub-ARS of
A':=(X,~), we have = C~~ so that, for any i € N, u; ~> u;;;. This shows that (4i);en is also an
infinite rewrite sequence in A’. This contradicts our hypothesis that A’ is terminating, showing
that such an infinite rewrite sequence (u;),. in A does not exist. Therefore, A is terminating.
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Let S be a signature, V be a set of variables, and ~-» be a binary relation on T-S-V.

The binary relation ~~ is compatible from factors if ~» satisfies the two following properties:

(CF1) for any c€Sn, neN, i€n], t,...,4,t, ..., t, €TSSV,

(CF2)

t; ~t, implies cty...t...t, ~cti.. .. th.. .ty
for any t,t' € TSV and any S,V-substitution o,

t~t implies &t~ o-t.

Proposition [Compatibility from factors]

Let S be a signature and V be a set of variables. A binary relation ~» on T-S-V is compatible from
factors iff for any holed S,V-term s, any S,V-terms t and t', and any S,V-substitution o,

t~t implies Aﬁba ~ At o

Definition

Let S§ be a signature and V be a set of variables. A binary relation ~» on T-S-V is a reduction

relation on T-S-V if the ARS (¥-S'V,~-) is terminating and ~» is compatible from factors.
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Let & be a signature and V be a set of variables.

The length relation is the binary relation ~»; on T-S-V defined, for any S,V-terms t and t', by
t~opt if (-t > (-t and, for any veEV, l,t>/l,t

Examples

On Sy2, Vy-terms, we have

O t:= C2|C4V2V1V1V]|V3 ~¥p C3|1C2V1V]1|CoCo = f/ because /-t =7 > 6= [t,, Z\,l-f =3 2 2= [Vl ‘f/,
Loyt =12>0="Lyt, and lyy;t=1>0="Ly,t.

[J By setting t:= csvivove and t':= covovs, we have t->7t' and ' —7t.

Proposition [Length reduction relation]

For any signature S and any set of variables V, ~-; is a reduction relation on T-S-V.

Exercise ooooo

Prove the previous proposition.
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Let 7 :=(S,V,—) be a TRS.

A binary relation ~» on TSV is T -compatible if — C .

Theorem [Compatible reduction relations and termination]

A TRS 7 is terminating iff there exists a 7 -compatible reduction relation.

Proof. Let & be the underlying signature of 7, V the underlying set of variables of 7, and — be
the elementary rewrite relation of 7.

Assume that 7 is terminating. By Propositions [Rewrite relation of a TRS] and [Compatibility from
factors], = is compatible from factors. Moreover, = is trivially 7 -compatible. Since by
hypothesis, the ARS (T-S'V,=) is terminating, = is a 7 -compatible reduction relation.

Assume that ~~ is a 7 -compatible reduction relation on T-S-V. Since ~~ is a reduction relation,
the ARS A := (T-S-V,~) is terminating. Moreover, assume that v and v/ are two S,V-terms such that
t=1t'. By Proposition [Rewrite relation of a TRS], there is a holed S,V-term s, two S,V-terms t
and ¢, and an S,V-substitution o such that t > t, v = A.sto, and v/ = A5t .. From this, and since
~+ is T-compatible, we have t~»t'. Now, since ~» is compatible from factors, by Proposition
[Compatibility from factors], the previous properties imply tv~~t/. This shows that the ARS of 7 is
a sub-ARS of A. By Proposition [Termination witnesses], the desired property holds.
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In order to prove that a TRS 7 := (S,V,—) is terminating, the reduction relation method consists in
(1) constructing a binary relation ~» on T-§-V;

(2) showing that the ARS (T-S-V,~~) is terminating;

(3) showing that ~~ is compatible from factors;

(4) showing that ~» is 7 -compatible.

By Theorem [Compatible reduction relations and termination], we obtain the desired property.

In practice, it is difficult to guess such a binary relation ~~» which will satisfy the three

required properties.
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Example

Let us show that the TRS Assoc is terminating by using the reduction relation method.

Let S (resp. V) be the underlying signature (resp. set of variables) of Assoc.

1. Let for any v € V the function lc defined for any S,V-term t by

le, t:= Z [w-itw1 =0v]24".
weP-t
For instance, lc; -\m mml2ymml3l, \7’7’122” =8+8+1=17.
Let ~ be the binary relation on T-S-V such that, for any S,V-terms t and t', t~t if for all
v eV, lcy-t >1c,-t' and there exists v € V such that lc,-t > lc,-t'.

2. Let the function 6 :=t— ZUEV lc,t. For any S,V-terms t and t' such that t~t, 0:t > 0-t.
Since the codomain of # is N, the ARS (T-S-V,~») is terminating.

3. The compatibility from factors is straightforward (but technical): Properties (CF1) and (CF2)
can be proven directly.

4. Let t:=mml23 and t' := m1m23;. Since (lci-t,lca-t,lcs-t) = (4,2,1) and (leg-t',leo-t',lest') = (2,2, 1),
t~t'. Therefore, ~~ is Assoc-compatible.
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7.3. / Termination / Semantic method

Definition

An S-algebra is a triple (X,S,op) where
[J & is a signature, called the underlying signature;
[1 X is a nonempty set, called the underlying set;

[J op is a function such that for any c € S'n, n €N, op-c is an n-operation on X.

Examples

Let the signature S := ({z,s,a},ar) such that arz =0, ars =1, and ara=2.
[ By setting op-z:=0, ops:=n+ 1+n, and op-a :=ni — n2 — n1 + n2, the triple (N,S,op) is an
S-algebra.
[J By setting op-z:=0, op-s:=S+—Z\S, and op-a:=S5; — So+ S1 NS>, the triple (P-Z,S,op) is an
S-algebra.
[ By setting op-z:=1, op's:=br>1—0>, and op-a:= by > by > b1 X bz, the triple ({0,1},S,0p) is an
S-algebra.
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Let V be a set of variables and X be a nonempty set.

AV, X-assignment is a function a:V — X.

Given a signature S, an S-algebra A :=(X,S,0p), and a V, X-assignment «, the A, a-evaluation

eVt of an &, V-term t is defined recursively by

; a-v if t=v for aveV,

VAt =

! op-c:evaaty - r €VAaty, oOtherwise, where t=ct;...t,,c€ Sn,neNt,....t, € T-S-V.
Example

Let us consider the first S-algebra A of the previous example.

Let « be the Vy,N-assignment o defined by a-vi :=3, avs:=1, and av; :=0, ¢ >3. We have
evAyallsasvl aSISZ)V2 T 1+“1+3J+H1+\1+0H+ 1” = 8.
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Let S be a signature, V be a set of variables, A:= (X,S,op) be an S-algebra, and R be a binary
relation on X.

The relation induced by R is the binary relation ~»4 on T-S-V such that, for any &,V-terms { and
t, t~»ar t holds if evg ot R evy,-t’ for all V, X-assignments o.

Examples

Let us consider the S-algebra A of the previous example.

Let > be the usual ‘‘greater-than’’ relation on N.
[] We have
avi|svz; ~A > aviva.
Indeed, for any Vy,N assignment «, we have

eVA,qaV1 SV = [@-V1) + (@Vva; + 1 > vy + | @-va) = ev.g, o avive).

[] By setting t:=avive and t' := svi, we have neither t~+4 - t' nor t ~ 4 t.
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Let S be a signature, A:= (X,S,op) be an S-algebra, and R be a binary relation on X.

The S-algebra A is R-monotone if for any c€ Sn, ne€N, i€ [n], and xy,...,2,,2},...,2, € X,
mle; 1mp11es Op.c.xl. BIRIRY) PR, oy R Op.c.xl. 5060 "L"/L BRI
Example

Let us consider the S-algebra A and the binary relation > of the previous example. We immediately

have that A is >-monotone.

Theorem [Reduction relations from S-algebras]

Let S be a signature, A := (X,S,0p) be an S-algebra, and R be a binary relation on X. If the ARS

(X,R) is terminating and A is R-monotone, then ~- 4 is a reduction relation.

This result is due to [Z. Manna, S. Ness, On the termination of Markov algorithms, 1970].
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Proof (of Theorem [Reduction relations from S-algebras]). Since X is nonempty, pick z € X and let
« be the V, X-assignment defined by a-v:=ux for any v € V. Let (u;);.y be an infinite rewrite
sequence in (‘I~S~V, WA.,R)- Hence, for any 7€ N, wu; ~» 4R Uit+1, so that, by definition of ~~ 4, for
any 1 € N, evgou; R evaouir1. Therefore, ((‘,VA_Gf’LL,;)Z.E]\, is an infinite rewrite sequence in (X, R).
Since (X,R) is terminating, such an infinite rewrite sequence (u;);.y cannot exists in (T-S-V,~4R).
Hence, this ARS is terminating.

Let ceSn, neN, i€[n], and t;,.... 4.t ... t, € T-SV such that t;, ~» 4 t;. By definition of ~>4 %,
for any V, X-assignment «, eva .t Revy,-t,. Since A is R-monotone, by setting s:=cty- -+ -4 - -,
and ¢ :=cty- oo+ tj- -+ t,, we have 5~ 5 because

eV A S = Op'c"(\/VA.a’tl" c "OVA,(v,'ti" co "C\’A.a'tn‘ R Op'c"CV.A.a'tl" c "C\"A,a‘t;" c "C\7A,(y'tr7‘ - CVA.(M'5/~

Given a V, X-assignment « and an &,V-substitution o, let oo be the V, X-assignment defined, for
any v €V, by @oogjv:= evaalov. It follows, by structural induction on an S,V-term t that

CVA o104 = eV A qoot. Now, let t,t' € TSV such that t~», 4 t'. From this last assumption, for any
S,V-substitution o, by setting s:=7-t and s :=37-t', we have s ~» 4 s’ because

/ /
VA S = eV.A.(VOU't R eV.A,uOo"t =eVA xS .

This shows that ~» 4 is compatible from factors and implies the statement of the theorem.
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In order to prove that a TRS 7 :=(S,V,—) is terminating, the semantic method consists in
(1) constructing an S-algebra (X,S,o0p);

(2) constructing a binary relation R on X;

(3) showing that the ARS (X,R) is terminating;

(4) showing that A is R-monotone;

(5) showing that ~» 4 is 7T -compatible.

By Theorem [Reduction relations from S-algebras], and Theorem [Compatible reduction relations and

termination], we obtain the desired property.

In practice, it is difficult to guess such an S-algebra A and such a binary relation R which will
satisfy the three required properties.
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Example

Let 7 := (S,Vuy,—) be the TRS such that S:= ({z,s, [} ,ar) where ar-z =0, ars=1, and ar-f =1, and
fisviy— f,fvi,. Let us show that 7 is terminating by using the semantic method.

1. Let the S-algebra A := (Nz,S, op) such that op-z := (0,0), op-s:= (ni,n2) — (n1 +1,n2), and

op-f := (ni,n2) — (n1,n2 +1).
Let the binary relation R on N” defined by (i1,i2)R (if,i) if i1 >4}, or iy =i} and i» > 7).
It is immediate that (N2,R) is terminating.
It is immediate that A is R-monotone.
For any Vy,N?-assignment o such that a-v; = (i1,i2), we have
eva,a- fisviy = op-f-0p-s-ja-vi) = op- f-0p-s-(i1,i2), = op-f-(i1 + 1,42) = (i1 + 1,42 + 1)
and
eVA,a'@ = op-f-0p- f-i-viy, = op- f-op-f-(i1,%2), = op- f-(i1,42 + 1) = (i1, 42 + 2).

Therefore, as (i1 + 1,i2 + 1) R (41,72 + 2), we have fisvij~>ar f,fvi,. This shows that ~» 4z is
T -compatible.
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7.4. / Termination / Polynomial interpretations

Let X be the set of variables {x;:7 € N\ {0}} and X, be the subset {xj,...,x,} of X for any n € N.

Definition

Let S be a signature. An S-polynomial interpretation is an S-algebra (N,S,op) where

[0 N is a subset of N\ {0};

[J for any c € S'n, n €N, the function op-c is functionally equivalent to a function
X1 >+ > Xp > fo such that f. is a K, Mon-X, -polynomial where coefficients belong to N.

Example

Let the signature S := ({z,s,a},ar) where ar-z =0, ars =1, and ara = 2.

The triple (N,S,op) where op-z:= 10, op-s:=mn; — nj, op-a:=mny — ns — 3n1 +2, and

N :={2n:n e N\{0}} is an S-polynomial interpretation.

Indeed, op-z is functionally equivalent to the constant function 10, op-s is functionally equivalent

to the function x; > x%, and op-a is functionally equivalent to the function x; + X2 + 3x; + 2.

We have f. =10, fS:x%, and f, = 3x1 + 2.
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Let V be a set of variables and Zy be the set of variables {z,:v € V}.

If f is a K,Mon-X,,-polynomial, n € N, and f{...f/ is a sequence of K, Mon-Zy-polynomials, let

tJn

f(f1,....f!) be the K,Mon-Zy-polynomial obtained by substituting by [/ each occurrence of a variable

n

x; in f, for all i€ [n].
Let S be a signature and (N,S,0p) be an S-polynomial interpretation.

Given an S§,V-term t, the polynomial of t is the K, Mon-Zy-polynomial defined recursively by

Pol.t Z, if t=v for aveV,
ol-t:=
fe(Pol-ty,...,Pol-t,) otherwise, where t=ct;...t,,c€ Sn,neNt, ..., t, € TS V.

Example

Let S be the sub-graded set of S;2 whose underlying set is {cp,c2,c3} and the S-polynomial
interpretation (N,S,op) such that N := N\ {0}, op-co:=2, op-co:=n1+—> ng — n? +no, and
Op-C3 := N1 > N2 > N3 —> NN +nanz. We have fo, =2, fo, = xf + X2, and fc; = X1X2 + X2X3.
Moreover,

Po|~\C3 C3V1V2V1|C2V3V5Co, = Jee (e (Rom o Zomy Zon ) Jen (Pums 2z ) )

2 2 2 2 2
= Jfen (22”2\,2, zy, + 2ug, 2) = 22y, 7y, (zvg == sz) =+ 2(2\,3 4 zva) = 22y, 2,2y + 22y, Zvy Zug + 2245 + 2245
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