7oBo / Termination / Syntactic method

Examples

Let the signature S := ({z,s,s".a},ar) such that arz =0, arrs=1, ars’ =1, and ar-a = 2.
Let >~ be the binary relation on the underlying set of S satisfying a >=s, s>z, s =2, s = s, and
s = a.
Let w be the S,V,>-weight function defined by wy :=1, w=z:=1, ws:=1, w-s' :=0, and w-a = 2.
Let the S,Vn-term
t := aazvysavaisz)

[ Let ' :=aviva. We have t > ' by applying the Weight Case: we have f,-t=12>1=4¢,t,
byyt=121=/l,t, and wt=12>4=wt.

[l Let t' :=saaiszviazz,. We have t>§§’ t' by applying the Precedence Case: we have
byt=121=0,t, byy,t=120=14,t, wt=12=w-t, and a > s.

[l Let t' := aazvi,sisiazzy,- We have t>§§’ t'" by applying the Lexicographic Case: we have
bt =131=lt, bpt=130="l,t, wt=12=wt, t1="t1, and t1>5 ¢ 1.

Moreover, by setting t := s ss'vi; and t' := v, we have t >; iy t by applying the Unary Case: /-t =

1>21=4,t, lst>1, and wt=0=wt.
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7.5. / Termination / Syntactic method

Example

Let 7 :=(S,{v}, =) be the TRS such that S := ({f, g} ar) where ar-f =1 and ar-g=1, and ggv, — fv and
fugy = adv,.
Let > be the binary relation on the underlying set of S satisfying f > g¢.

Let w be the S,{v}, ~-weight function defined by wwv:=1, w-f:=1, and w-g:=1.

It can be easily checked that ggv, > fv and fgv, > g fv,. Therefore, 7 is terminating.

Example

Let 7 :=(S,V,—) be the TRS such that S:= ({s,a},ar) where ars =1 and ar-a =2, V:={vi,va,vs,va},
and a,8V1avVaV3| — aVi a,S SV V3 and SV ,aV2,aVvV3V4|, — AV1,aV31aVaV4|, .

Let > be the binary relation on the underlying set of S satisfying s > a.

Let w be the S,V,>-weight function defined by w,:=1, w-s:=0, and w-a:=0.

It can be easily checked that aqsvijavavs >;]’3w avi a,8;8va vy and a;SVi; Ve aVviV4 >;§’ avi,avsavaVy,, .
A2 EASN AR A S LT (ENS AT
Therefore, 7 is terminating.
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|_ 7oBo / Termination / Syntactic method _l

Let & be a signature, V be a set of variables, and > be a binary relation on the underlying set of

S.

The >-lexzicographic path rTelation is the binary relation >i’P on T-5-V defined recursively as
follows. For any S,V-terms t and t', we have t> t’ if one of the following assertion holds:
[] [Subterm Case] t=ct-ly...t-ny with c€ Sn, n €N, and there exists i € [n] such that ti =1t or
ti >t

[] [Precedence Case] t=ct-l...tny with c€Sn, neN, ! =J¢t-1,...t'n) with ¢/ € Sn/, n' €N,
cc, and t>7, t'«i’ for any i’ € [n'];

[Lexicographic Casel t=ct:1j...itny, ¢ =ct’-1...t''n with c€ Sn, neN, t>7, i for all i€ [n],
and there is j € [n| such that tj >{ tj and for any j € [i—1], tj/ =t-j.

Proposition [Lexicographic path simplification relation]

For any signature S, any set of variables V, and any binary relation > on S such that the ARS

(8,>) is terminating, the binary relation >{, is a simplification relation on T-S-V.

This result is due to [S. Kamin, J.-J. Levy, Two Generalizations of the Recursive Path Ordering, 1980].
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7.5. / Termination / Syntactic method

Examples

Let the signature S := ({z,s,a},ar) such that ar-z=0, ars =1, and ara=2.
Let > be the binary relation on the underlying set of S satisfying a > s and s > z.
Let the S,Vn-term t:= qsvi,azsve,.
[l Let t' :=svo. We have t>;, t by applying recursively the Subterm Case: we have t22 =1,
which implies t2 >/, t', which implies t >[ t'.
[1 Let t' :=sz. We have t>{, t' by applying the Precedence Case: we have a > s and t >, t'-1.

[l Let t' :=aqsvisve,. We have t>[, t by applying the Lexicographic Case: we have t >, t"1,
t>rpt2, t1=1t.1, and t2 >;, t'-2.

Example

Let Ack:=(S,V,—) be the TRS such that S := ({z,s,k},ar) with ar-z =0, ars=1, and ark =2,
V= {vi,va}, kzvi — svi, kisviiz — kviisz), and kisvisve; — kvi kisvive,.

Let > be the binary relation on the underlying set of S satisfying k > s.

It can be easily checked that kzvi >EP svi, kisviz >EP kvisz;, and ksvisvo >ZP kv kisvyva,.

Therefore, Ack is terminating.
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7.5. / Termination / Syntactic method

Exercise oeocoo

Let the TRS 7 := (S,V,—) such that S := ({f,g,a},ar) with ar-f =1, arg=1, and ara=2, V:={v},
and fgv, — a g fv,v.
Show that there exists a binary relation > on the underlying set of S such that >{, is a

simplification relation on T-S-V.

Exercise eooco

Let the TRS 7 := (S,V,—) such that S:= ({f,g,h},ar) with ar-f =1, arrg=1, and arrh=1, V:={v},
g.fv, — fihvi, and hv — gv.
1. Show that the termination of 7 cannot be proven by the existence of a binary relation > on

the underlying set of S and an S,V,>~-weight function w so that >i i is a simplification
relation on T-S-V.

2. Show that the termination of 7 cannot be proven by the existence of a binary relation > on
the underlying set of S so that >EP is a simplification relation on T-S-V.

3. Show that the termination of 7 can be proven by using the polynomial interpretation method.
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[_ 8.1. / Confluence / Unification

Let S be a signature and V be a set of variables.

o

Given two S,V-substitutions o and o', o is more general (or less specific) than o’ if there exists

an §,V-substitution ¢” such that ¢’ =¢”oo. This property is denoted by o <, o

Examples

[l Let the Sy2, VN—substitutions o:

=[
We have o <, o’ because [{(vs,cacovi)}]oo =0

= i

=[

(
]
(vi,c0)}] and o :=[{(v2,c1v3)}]. We have o sgo’
(

[l Let the Sy2,Vy-substitutions o :

[l Let the Sy2,Vy-substitutions o :
o' <z 0.

V1,C1V3) (v2,¢0)}] and o' := [{(v1,c1cacovi)), (V2, o), (V3,cacovi)}].

and o' s¢o.

vi,covivs)}] and o’ := [{(vi,cavsvi)}]. We have o <, o’ and

Proposition [Generality relation on &§,V-substitutions]

Let S be a signature and V be a set of variables.

L] The binary relation <; is a preorder.

S,V-substitution o” such that ¢’ =o¢" oo0.

[l Let 0 and o' be two S,V-substitutions. We have o <, 0’ and o’ <, o iff there exists a renaming
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|_ Bo1lo / Confluence / Unification

Let & be a signature and V be a set of variables.

Let t and t be S,V-terms. If there exists an S,V-substitution o such that ot =o-t, then
[] the S,V-terms t and t' are unifiable. This property is denoted by t~, t';
[] the S,V-substitution o is a wnifier of t and t';
[] when for any unifier ¢’ of t and t', 0 <z 0', 0 is a most general unifier (MGU) of t and t';

[] when o is an MGU of t and t', the S,V-term G-t=0t is a most general common instance (MGCT)
t and t'.

Examples

Let the Sy2,Vn-terms t:= coviCacovi; and .= C2(C1V2V3.
[] Let the Sy2,Vn-substitution oy := [{(vi,c1v2), (v3,cacoiC1ve))}].
Since G-t = CaC1Va;CaCoC1Ve) = 01-t, 01 is a unifier of t and t'.
Moreover, o; is an MGU of t and t', and cyc1va;C2CoCiVa), is an MGCI of t and t'.
[] Let the Sy2,Vy-substitution oj := [{(vi,c1c0), (v2, o), (v3, cacocico) }] -
Since T2+t = C2C1C0)C2C0(C1C0), = O2-t', 02 is a unifier of t and t'.

Moreover, since o> = [{(va2,c0)}] 001, 02 is not an MGU of t and t'.
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[_ 8.1. / Confluence / Unification

Let § be a signature and V be a set of variables.
An S,V-substitution o is <dempotent if coo =o0.
Given an §,V-substitution o, the set of wariables of o is the set

Vars-o := U Vars-o-v.

veDom-o

Proposition [Idempotent &,V-substitutions]

Let S be a signature and V be a set of variables. An S,V-substitution o is idempotent iff the
sets Dom-oc and Vars-c are disjoint.

Theorem [Idempotent MGUs]

Let S be a signature, V be a set of variables, and t and t be two S,V-terms. If t and t' are

unifiable, then there exists an idempotent MGU of t and t'.
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8.1. / Confluence / Unification

Let & be a signature and V be a set of variables.

For any S € P-X-S:V/?, let Vars-S := Ut,vyes VarstU Varst'.  Moreover, for any S € P- %-S-V)> and any
S,V-substitution o, let -5 :={(a-t,o-t): (t,t') € S}.

Let the ARS Unificationsy := ({Fail} UP-Z-S:V*, =) such that

1.

2.

[Simplification] {(v,v)}US = S if veV;

[Decomposition] {(ct;...t,,ct)...t)}US = {(t,4),...,(t:, )} US;

[Orientation] {(t,v)}US = {(v,t)}US if t¢V and v € V;

[Variable elimination] {(v,)}US = {(v,)}U[{(v,)}]-S if v ¢ Vars-t and v € Vars-S;
[Recursive variable occurrence] {(v,t)}US = Fail if t¢V and v € Vars-t;

[Constant clash]l {(cti...t,, ...t )} US = Fail if c#¢ .

This ARS leads to the Martelli-Montanari unification Algorithm [A. Martelli, U. Montanari, Unification in

linear time and space: a structured presentation, 1976].

L
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[_ 8.1. / Confluence / Unification

Let S be a signature, V be a set of variables, and t and t' be two S,V-terms.

The ARS Unificationsy is used by computing a normal form of {(t,t')} and, when this normal form is a
set S, by considering the S,V-substitution [S] specified by S.

Example
Let the Sy2,Vn-terms t:= cavicacoviy and t' := cyicivavz. 1In Unifications, , vy »

{(f, t/)} = {(V17C1V2), (C2C0V17V3)} = ~{(V1,C1V2)7 (V37C2C0V1)} = {(Vl,C1V2), (V3,C2C0%)} BN

We can check that the Sy2,Vy-substitution o is an idempotent MGU of t and t'.

Example

Let the Sy2,Vn-terms t:= czvicavacoyvi and t' := c3civayvave. In Unification5N2,VN ,

{(t¢)} = {(v1,c1v2), (cavaco, vs), (v1,va)} = {(v1,c1v2), (c2vaco, V), (c1v2,v2)}
= {(v1,c1v2), (cavaco, Vs), (v2,c1v2)} = Fail.

We can check that t and ' are not unifiable.
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Due to the following results, the ARS Unificationsy, where § is any signature and V is any set of
variables, computes exactly what it is designed to compute.

Theorem [Termination of Unificationsy]

For any signature S and set of variables V, the ARS Unificationsy is terminating.

Exercise oeecoo

Show that Unificationsy is not convergent, where S is a signature and V is a set of variables.

Proposition [Computation of Unificationsy]

Let S be a signature, V be a set of variables, t,t' € TSV, and S := {(t,t')}.

[1 If t~, t, then any normal form of S in Unificationsy is a set S’ such that [S’| is an idempotent
MGU of t and t'.

[ Otherwise, the unique normal form of S in Unifications,v is Fail.
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Exercise eocoo

By using the ARS UnificationsNZ vy, compute a normal form of {(t,t')} where

1. t:=c3vycacoVvyCive; and = C3|C1V2|V3V4 ;

2. t:= C2V1C1Va and f/ 1= C2|C2V3V2 V] .

Exercise eoocoo

Describe the relation between the ARSs Matchingg, and Unificationsy where S is a signature and V is
a set of variables.

Exercise eooeco

Let S be a signature and V be a set of variables. Let t and t' be two S,V-terms such that t ~, t.
Show that an MGCI of t and t' is a supremum of t and t' for the preorder <p.
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Let S be a signature and V be a set of variables.

Let v be a §,V-term admitting the two decompositions
A-sl-tl-al =t = A'SQ'{Q'O’Q

where s, and s, are holed S,V-terms, t; and t; are S,V-terms, and o; and o, are S,V-substitutions.
Let w; (resp. ws) be the hole position of s; (resp. s2). Without loss of generality, let us

consider that /-wq < lws.
We distinguish the following disjoint and exhaustive three cases:
[Horizontal disjunction] This occurs when w; is not a prefix of wsy;

[Vertical disjunction] This occurs when w; is a prefix of wy, and, by setting u as the word
over positive integers such that ws; = w;.w, u is not the position of an internal node of t;

[Overlap] This occurs when w; is a prefix of wsy, and, by setting u as the word over positive
integers such that wy = w;.u, v is the position of an internal node of ¢;.

Note that when w; = wy, we are in the Vertical disjunction Case if t; is a variable and in the

Overlap Case otherwise.
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Let 7 :=(S,V,—) be a TRS.

Let v be an S,V-term, and w; and ws be two positions within t such that lw; < lwy, t =, Uy, and
t =, Uz where u; and uy are two S§,V-terms. By Proposition [Rewrite relation of a TRS],

T = A'ﬁl'hﬂ'l = w; A'ﬁl'f/lﬂ'l = Uy
and
T = A'ﬁQ’tQ’O—Q = ws A~52~t’2~02 = Uy

where s, and s, are holed S,V-terms, t, t|, to, and t, are S,V-terms such that t; — t| and t; — t),
and o; and o0, are S,V-substitutions.

Let us understand what happens in each of the three previous cases.

Samuele Giraudo 209 / 250



Let us consider the previous notations and definitionms.
In the Horizontal disjunction Case, w; is not a prefix of ws.

Therefore, by considering that [J; and [y are two variables which do not belong to \V, we have
v=s[{({1,01-t1), (O2,02-t2) }]

where s is an S,V U {[J;,[J}-term having exactly one occurrence of []; and exactly one occurrence of

[lo at respective positions w; and ws.

We have

Ul =y U

Uz :>w1 u
where u is the S,V-term defined by

w:=s[{(0,711), (O2,52-1) }].
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Let us consider the previous notations and definitions.

In the Vertical disjunction Case, w; is a prefix of wsy, and, by writing wg = wj.u, u is not the
position of an internal node of t;.

There exist v € V and two words wug and p such that v = ug.p, ug € P-t;, and t;-ug =wv.

Moreover, there exist a holed §,V-term q and an S,V-substitution p such that
010 =Aqtyp =, A.qtyp.

Let 7 be the S,V-substitution defined by 7-v:= A\q.t)-p, and 7-v' := 0,0/ for any v/ € V\ {v}.

Let n:=/(,t (resp. n':=/(,t) and {ug,...,u,_1} (resp. {u{],.‘.,u;_l}) be the set of positions of the
variable v in t; (resp. t]). We have

U :>wl.u6.p :>wl.u/n,71.p u
and
U = yaugep °°° Twietin_iep Mg 4T =w, U
where u is the S,V-term defined by
U= &ﬁyf’l-r
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Let us consider the previous notations and definitioms.

In the Overlap Case, w; is a prefix of ws, and, by writing ws = w;.u, u is the position of an
internal node of t;.

In this case, there is no generic way to exhibit an §,V-term u such that u; =* u and uy =" u.

Let 7 :=(S,V,—) be a TRS.
We shall describe a necessary and sufficient condition for the fact that 7 is locally confluent.

When 7 is terminating and — is finite, this condition leads to an algorithm to decide local
confluence of 7.
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Let S be a signature and V be a set of variables.
Let t and t' be S,V-terms such that Vars-tN Varst' = (). If there exists a position w within ' such
that t-u is not a leaf, and t-u and t are unifiable, then

O t overlaps t;

[] u is the owerlapping position of t in t';

[l if 0 is an MGU of tu and t, then &t is the fusion of t at position w into t'.

Examples

!
Let the Sy2,Vn-terms ' := c20C2,1V1,C2,1V2V3 V4 and t:= Cp,1,C2,0V5V6,C2,1V7V8,-

[ The Sy2,Vn-term t overlaps t' at position w:= 1.

The fusion of t at position u into t' is ca €2,1C2,0V5V6,C2,1V7Vs) V4 «

L

[1 The Sy2,Vn-term t overlaps t at position u:= 12.

The fusion of t at position u into ' is €2, C2.1V1 C2.1,C2.0V5V6,C2.1VTVs, V4.
P 2,0 €2,1V1,€2,1/C2,0V5V6,C2,1V7Vs) V4
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